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ABSTRACT

Quantum communication, a pivotal subfield of quantum information science, explores
how inherently nonclassical features of quantum mechanics can be harnessed to per-
form communication tasks with enhanced security and efficiency. The central objec-
tive of this thesis is to investigate how various quantum correlations, including tem-
poral nonclassicality, Bell nonlocality, and contextuality, can be operationally utilized
in different communication protocols and foundational scenarios. To begin with, the
thesis explores quantum random access codes (QRACs), a fundamental communica-
tion protocol wherein a sender encodes multiple classical bits into a quantum sys-
tem, allowing the receiver to retrieve any one of them with high success probability.
We show that this communication advantage has a direct equivalence with the vio-
lation of temporal inequalities derived from noninvasive realist assumptions. Thus,
temporal quantum correlations, though less studied than their spatial counterparts,
are shown to be both necessary and sufficient to realize quantum enhancements in
time-ordered communication scenarios. Moreover, this link provides a method to cer-
tify genuine randomness based solely on temporal behavior. In the context of secure
quantum communication, the thesis examines device-independent quantum key dis-
tribution (DI-QKD), where no assumptions are made about the internal functioning of

the devices involved. Here, Bell nonlocality plays a crucial role as a certification tool.
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We analyze the performance of random two-qubit states, generated Haar-uniformly,
and quantify how increasing mixedness (state rank) impacts both nonlocality and se-
cure key rates. The study reveals that while entanglement and Bell violation degrade
gradually with rank, the drop in key rate is more severe. Notably, pure and Werner
states are identified as extremal cases that bound the achievable key rate for a same
amount of entanglement. Contextuality, another powerful nonclassical resource, is
investigated through its implications for communication efficiency in restricted sce-
narios. The thesis constructs a generalized noncontextual polytope that captures both
preparation and measurement noncontextuality. It enables scalable derivation of facet
inequalities, uncovering new forms of contextuality. These inequalities are then shown
to enhance performance in several communication-relevant tasks, including oblivi-
ous communication, certification of non-projective measurements, and dimension wit-
nessing, demonstrating contextuality’s relevance beyond foundational tests. Finally,
the thesis turns to long-distance quantum communication, focusing on hybrid systems
that combine continuous-variable and discrete-variable encodings. By employing en-
tanglement swapping on multi-photon coherent states, we show that high-fidelity
polarization Bell pairs can be distributed over intercity distances exceeding 200 km.
These shared states are then used for quantum teleportation of unknown polarization
qubits, where the achieved fidelity remains above classical thresholds even under real-
istic transmission losses, highlighting the practicality of hybrid-state architectures for
scalable quantum networks. Overall, the thesis provides a unified perspective on how
different forms of quantum correlations can be operationalized to achieve and enhance
various quantum communication tasks. The results underscore the fundamental in-
terplay between nonclassicality and information transfer, while also pointing toward

promising directions for secure and scalable quantum technologies.
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CHAPTER 1

INTRODUCTION

The development of communication has always been tied to physical processes. From
early signaling methods such as smoke, drums, and flags, to the invention of the tele-
graph and telephone, communication has always relied on physical carriers to trans-
mit messages across space and time. As these systems evolved from analog to elec-
tronic, scientists and engineers began to investigate not just how to build commu-
nication devices, but how to quantitatively model and optimize the communication
process itself. This shift in perspective, particularly during the early 20th century, led
to the foundational idea that communication is subject to physical and mathematical
limits. Harry Nyquist (1924) showed that the rate at which symbols can be transmitted
is constrained by the bandwidth and signal levels of the medium, while Ralph Hartley
(1928) introduced a measure to quantify how much distinguishable information could
be encoded in a signal [1,2]. These practical challenges in communication eventually
motivated a deeper conceptual question: what is information, and how can its trans-

mission be made reliable in the presence of noise? This question led to the birth of



information theory as a formal discipline. In his seminal 1948 work, Claude Shannon
proposed a general mathematical framework for communication systems [3]. By treat-
ing the message source as a probabilistic process and modeling the effects of noise in
the channel, Shannon introduced entropy as a measure of uncertainty and defined the
concept of channel capacity, which represents the theoretical maximum rate of error-
free transmission. His framework revolutionized communication theory by abstract-
ing messages into symbolic sequences and focusing on their statistical structure rather
than semantic content. This abstraction not only simplified the engineering of commu-
nication systems but also enabled powerful techniques like error correction and data
compression. However, the classical framework developed in Shannon’s time was
grounded in assumptions that aligned with the macroscopic, classical world, where
signals can be duplicated, measured, and stored without fundamentally altering the
information itself. These assumptions held true for traditional communication sys-
tems based on electromagnetic waves or electrical pulses. Yet, with the miniaturiza-
tion of devices and the emergence of technologies operating at atomic and subatomic
scales, it became increasingly evident that the underlying physical laws governing in-
formation carriers could no longer be ignored. At this scale, information is encoded in
systems that follow the principles of quantum mechanics, not classical physics.

This realization led to the development of quantum communication, a framework
in which information is encoded, transmitted, and processed according to the prin-
ciples of quantum mechanics. In this setting, the basic unit of communication is the
qubit, capable of existing in superposition and entangled states. These characteristics
fundamentally change how communication tasks are approached, introducing new
possibilities as well as new limitations. Rather than treating communication as the
transmission of static symbols, quantum communication views it as a dynamic pro-
cess constrained by the behavior of quantum systems. The development of this field
marks not just a technical advancement, but a conceptual shift: it reframes the process
of information transfer in light of the most fundamental laws of nature.

As quantum theory emerged in the early 20th century, it uncovered types of correla-
tions between systems that could not be accounted for by classical theories. In classi-

cal physics, correlations are typically attributed to shared causes or inherent proper-



ties of the systems. However, quantum mechanics permits states where subsystems
remain fundamentally interconnected, even when separated by vast distances. This
phenomenon, which Erwin Schrodinger later referred to as ‘entanglement,” posed sig-
nificant challenges to traditional concepts of locality, realism, and causality [4]. The
foundational debate initiated by the Einstein-Podolsky—Rosen (EPR) paper in 1935
questioned whether quantum mechanics offers a complete description of physical re-
ality. The EPR argument questioned whether quantum mechanics could be considered
a complete physical theory, suggesting that the theory’s allowance for distant, instan-
taneous correlations implied the existence of “elements of reality” not captured within
the quantum formalism [5].

The theoretical landscape shifted dramatically with John Bell’s theorem in 1964,
which demonstrated that no local hidden variable theory could fully replicate the pre-
dictions of quantum mechanics [6]. The subsequent decades saw a surge of experi-
mental efforts to test Bell’s predictions. In a pioneering study, Freedman and Clauser
reported violations of Bell inequalities in measurements on entangled photon pairs [7].
These results were followed by more sophisticated experiments, such as those con-
ducted by Aspect and colleagues in the early 1980s, which addressed critical loop-
holes and further solidified Bell nonlocality as an empirically established feature of
quantum systems [8,9].

In addition to spatial correlations, it was also discovered that quantum systems
exhibit nonclassical behavior in individual measurements. The Kochen-Specker the-
orem (1967) [10] revealed that the outcome of a measurement can depend on the con-
text in which it is conducted, a feature known as quantum contextuality [11]. Unlike
entanglement or Bell nonlocality, which depend on spatial separation, contextuality
challenges classical realism without requiring spatial separation. Over time, the con-
cept of contextuality has been generalized beyond projective measurements to encom-
pass more comprehensive operational scenarios, particularly through the framework
introduced by Spekkens, which allowed for a deeper understanding of nonclassical
behavior in practical settings. Together, entanglement, Bell nonlocality, and contextu-
ality have become integral to the foundations of quantum theory, not only as abstract

theoretical concepts but as essential principles for quantum communication and infor-



mation processing.

The foundational concepts of entanglement, nonlocality, and contextuality have tran-
sitioned from theoretical curiosities to operational resources within a wide range of
quantum information tasks. These distinct quantum characteristics enable novel com-
munication and computational strategies that not only offer superior performance
compared to classical methods but also allow for the realization of functionalities that
are fundamentally impossible to achieve using classical systems. The translation of
fundamental nonclassical phenomena into practical tools has led to the development
of an active field of study focused on quantum information theory tasks, encompass-
ing quantum key distribution and teleportation, as well as reducing communication
complexity and encoding contextual information.

A fundamental breakthrough in harnessing quantum correlations was realized through
the protocol of quantum teleportation, which allows the remote reconstruction of an
unknown quantum state without physically transferring the particle, contingent on
the prior sharing of entanglement and the exchange of classical information [12]. While
the original protocol was developed for discrete variables, recent advances have ex-
tended its reach using continous variable system [13,14], hybrid systems [15,16].
Another significant class of communication tasks in quantum information theory is
represented by quantum random access codes (QRACs), which exemplify the quan-
tum advantage in scenarios constrained by limited communication resources. In a
standard QRAC protocol, a sender is provided with a string of classical bits and is al-
lowed to encode this information into a single qubit. The receiver, upon receiving the
qubit, attempts to recover any one of the original bits, chosen uniformly at random,
with a probability of success exceeding that achievable by any classical strategy con-
strained to the same communication limit [17]. Recently, QRACs have been studied
as a means to demonstrate the quantum advantage in communication using minimal
resources. This exploration has led to significant improvements in foundational is-
sues [18,19], as well as in practical applications, such as Noise-Resilient QRACs [20],
two-instance random access codes [21], high-dimensional QRACs [22,23], and biased
random access codes [24], among others.

Alongside the foundational exploration of quantum nonlocality, the operational de-



ployment of quantum correlations in secure communication has evolved rapidly. One
particularly notable direction is device-independent quantum key distribution (DI-
QKD), which establishes cryptographic security based solely on observed statistical
violations of Bell inequalities, removing the need to trust internal details of the de-
vices used. This paradigm, grounded in the concept of self-testing, addresses vul-
nerabilities in practical implementations of standard QKD. As the field progresses,
DI-QKD protocols have undergone major refinements by optimizing efficiency, toler-
ating higher noise, and expanding into high-dimensional systems. Recent research has
introduced schemes based on prepare-and-measure frameworks, high-dimensional
entanglement, and new nonlocal games that enable secure key generation even un-
der minimal assumptions and imperfect detection. Over the last few years, DI-QKD
has seen substantial theoretical development. Notably, DI-QKD Based on Routed Bell
Tests [25], DI-QKD with local Bell test [26], DI-QKD with random postselection [27]
and so on. On the experimental side, DI-QKD has achieved a major experimental
milestone through the successful implementation of the Twin-Field QKD protocol over
1,002 kilometers of optical fiber [28]. Another major breakthrough in the experimen-
tal development of device-independent quantum key distribution (DI-QKD) has been
the demonstration of a complete device-independent protocol over a separation of 400
meters between two users [29]. These accomplishments collectively mark a crucial
step toward the practical realization of DI-QKD in large-scale quantum communica-
tion networks.

Beyond Bell nonlocality, generalized contextuality has emerged as a powerful re-
source in quantum information processing. The generalized notion of contextuality,
particularly in the framework of prepare-and-measure experiments, has proven to be
instrumental in enabling advantages unique to quantum systems, notably in generat-
ing certified randomness, lowering communication complexity, and enhancing state
discrimination capabilities. Recent studies have made significant foundational ad-
vances in contextuality [30-33], while also expanding its application to areas such
as quantum computing [34], quantum metrology [35], and communication complex-
ity [36]. These developments have broadened the understanding of quantum advan-

tage, moving beyond entanglement-based models and highlighting a richer structure



of nonclassicality in communication protocols.

This thesis is structured as follows:-

Chapter 2:- Chapter 2 provides a recapitulation of the mathematical and physical
prerequisites essential for grasping the contents of the thesis. It contains a prelimi-
nary outline of quantum correlations, including entanglement, Bell nonlocality, and
generalized contextuality. It also provides an overview of selected quantum commu-
nication tasks such as quantum random access codes, device-independent quantum
key distribution, and quantum teleportation.

Chapter 3:- This chapter delves into the foundational basis of the quantum advan-
tage observed in random access codes. We formulate a new class of temporal inequal-
ities that comply with noninvasive realist frameworks. It is shown that a quantum
enhancement, however small, in the n — 1 random access coding task, even when
shared randomness is permitted, necessarily implies a violation of the corresponding
temporal constraint. From this connection, it follows that the optimal quantum suc-
cess rate is realized precisely when the related inequality is violated to its maximum
extent. Furthermore, we demonstrate that either a non-zero quantum advantage or
a measurable violation of the temporal inequality serves as an indicator of genuine
quantum randomness.

Chapter 4:- Within this chapter, we generate Haar-distributed random quantum
states of rank ranging from 1 to 4, and evaluate their effectiveness in entanglement-
assisted quantum key distribution protocols, focusing specifically on two-qubit sys-
tems for DI-QKD. Our findings reveal that both entanglement and Bell nonlocal cor-
relations diminish with increasing rank. However, the reduction in the achievable
key rate is more pronounced than the loss of quantum correlations. Furthermore, we
identify that pure states and Werner states serve as reference points, setting lower and
upper thresholds on the secret key rate for mixed two-qubit states possessing the same
level of entanglement, both under general and optimal collective attack scenarios.

Chapter 5:- Throughout this chapter, we propose a scheme to efficiently extract
quantum advantage through construction of a generalized noncontextual polytope cir-
cumscribing both the preparation and measurement noncontextual polytopes, while

ensuring that its dimension stays constant irrespective of the number of measurements



and outcomes. The facet inequalities of our constructed polytope can thus be obtained
in a computationally efficient manner, serving as necessary conditions for general-
ized noncontextuality. We illustrate the efficacy of our methodology through several
distinct contextuality scenarios. Our approach enables to uncover several hitherto un-
explored noncontextuality inequalities and demonstrating applications of quantum
contextuality.

Chapter 6:- This chapter explores the distribution of nonlocal correlations in Bell-
type states between two distant parties by utilizing optical hybrid entanglement, which
merges single-photon polarization modes with multiphoton coherent states. By per-
forming entanglement swapping at an intermediate relay station on the coherent-
state components, we demonstrate that such hybrid systems can effectively generate
polarization-entangled states capable of violating the Clauser-Horne-Shimony-Holt
(CHSH) Bell inequality across distances comparable to those encountered in metropolitan-
scale networks. Furthermore, we evaluate the usefulness of the resulting entangled
states in a practical quantum information protocol, namely the teleportation of an un-
known polarization qubit. Incorporating realistic experimental constraints such as
detector inefficiencies and transmission losses, our analysis confirms the feasibility of
achieving high-fidelity quantum teleportation over significant distances, aligned with
the strength of the underlying nonlocal correlations.

Chapter 7:- Finally, Chapter 7 provides a summary of the key findings of the thesis,

along with reflections on potential future research directions.






CHAPTER 2

SOME PRE-REQUISITES OF QUANTUM

THEORY

This chapter lays the foundational framework essential for understanding the various
phenomena and protocols explored throughout this thesis. Under the broad theme of
quantum theory, the discussion begins with a review of its fundamental postulates,
forming the conceptual and mathematical basis for all quantum processes. Build-
ing upon these principles, the chapter delves into different forms of quantum cor-
relations, including entanglement, Bell nonlocality, and generalized contextuality—as
these nonclassical features play a pivotal role in enabling communication tasks that
surpass classical limits. The latter part of the chapter focuses on key quantum commu-
nication protocols that leverage these nonclassical features, such as quantum random
access codes, device-independent quantum key distribution, and quantum teleporta-
tion. Together, these topics provide a comprehensive backdrop for the more special-

ized investigations presented in the subsequent chapters.



2.1 DPostulates of Quantum Mechanics

Postulate 1:
A quantum system is characterized by a mathematical object known as the state vec-
tor, which exists within a complex vector space called Hilbert space! . This vector
contains all possible information about the system.

In mathematical terms, if a quantum system is in a pure state, it is represented as a

normalized vector in a Hilbert space:
1) € H, with (p|p) =1. (2.1)

In the Dirac notation:

e The quantum state of a system is mathematically represented by a vector |¢) in

a complex Hilbert space.
e The dual vector (or bra) (¢| is its conjugate transpose.
* The inner product (|¢) represents the overlap between states |i) and |¢).
e The norm ||¢||> = (¢|¢) = 1 ensures unit probability.

Quantum states can be broadly classified into pure states and mixed states. A pure
state represents a system with maximum knowledge of its quantum properties. This
state vector |¢) resides in a Hilbert space and may be written as a superposition of

orthonormal basis:

[¥) = Zci|ei>r (2.2)

Here, {|e;) } constitutes an orthonormal set spanning the Hilbert space, and the coeffi-
cients ¢; € C fulfill the normalization condition ¥, |¢;|*> = 1.
A mixed state refers to a probabilistic combination of pure states, and it is character-
ized by a density matrix p:
p=Y_pili(wil, (2.3)
i

1A Hilbert space H is a complex vector space equipped with an inner product (i|¢), which allows
us to compute probabilities and define orthonormal bases.
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where p; are probabilities satisfying ) ; p; = 1.
Key properties of p:

e Hermitian: p* = p.

* Positive Semi-definite: (y|p|y) > 0,V |) or, all eigenvalues of p are real and

non-negative.
e Unit Trace: Tr(p) = 1.

* For a pure state, p?> = p and it holds that Tr(p?) = 1; for a mixed state, p> # p
and it follows that Tr(p?) < 1.

A qubit serves as the basic building block of quantum information theory and is
mathematically described within a two-dimensional complex Hilbert space C2. It cor-
responds to a quantum system with two accessible levels, where any valid state can

be written as a linear combination:

) = [0) + B[1), (2.4)

with |0), |1) forming an orthonormal basis. The complex amplitudes « and B must

satisfy the normalization requirement:
> + |BI* = 1. (2.5)

The corresponding density matrix for a qubit is:

(2.6)

2 aB*
p=¢><¢=[“' 5].

B |BP

A single qubit state can be represented on the Bloch sphere, where any pure state

of a qubit can be rewritten as:
) =c0s§|0> +e sm§|1>, (2.7)
where 0, ¢ are real parameters that define a point on the unit sphere. The Bloch vector

11



r is given by:

r = (7y,1y,12) = (sinf cos ¢,sin O sin ¢, cos 6), (2.8)

and the density matrix of a qubit can be expressed using its Bloch vector as:
1

where I denotes the identity operator, o = (0, 0y, 0;) refers to the set of Pauli opera-
tors, and r is a real-valued Bloch vector that satisfies the condition ||r|| < 1.

Bloch Sphere Interpretation:
* Pure states correspond to points on the surface of the sphere (||r|| = 1).
e Mixed states correspond to points inside the sphere (||r|| < 1).

* Maximally mixed state (completely depolarized state) corresponds to the center
of the sphere r = 0:
I
= . 2.10
o= 2.10)

Postulate 2:
The second postulate of quantum mechanics asserts that the time evolution of an iso-
lated quantum system is governed by a deterministic unitary process. This evolution

is described by the time-dependent Schrddinger equation:

. d .
i [p(t)) = Hlp(t)), (2.11)

where |(t)) represents the quantum state at time ¢, /1 is the reduced Planck constant,
and H denotes the Hamiltonian operator corresponding to the total energy of the sys-
tem.

Since the Schrodinger equation is linear, its solution can be expressed using the

time evolution operator Cl(t), which acts on the initial state:

[p(1)) = U()]p(0)), (2.12)
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where the time evolution operator is given by:
U(t) = e /M, (2.13)

The time-evolution operator U(t) is unitary, implying that inner products between
quantum states are conserved under evolution, and the overall probability associated

with the state remains unity:

A

atu) = 1. (2.14)

Understanding this postulate provides the foundation for studying quantum dy-

namics, energy measurements, and interactions with external influences.

Postulate 3:

Measurements occupy a foundational role in quantum mechanics, as they directly in-
fluence the outcomes of experimental observations. The third postulate lays out the
formal mathematical framework and principles that define how quantum measure-
ments are modeled and interpreted.

Consider a quantum system is characterized by a vector |¢) that is normalized
and resides within the system’s corresponding Hilbert space H. A measurement is
characterized by a set of measurement operators { My, }, indexed by the measurement
outcomes m, acting on . The probability that the outcome m occurs upon measuring

the system in state |¢p) is given by:
P(m) = (] MM [9) (215)

After obtaining the outcome m, the post-measurement state of the system collapses to:

[Pm) = M’“—W, P(m) > 0. (2.16)

P(m)

The measurement operators { M,, } must satisfy the completeness relation:

ZMLMm =1, (2.17)
m

13



where I is the identity operator on H. This condition ensures that the total probability
of all possible outcomes sums to 1.

There are two important classes of quantum measurements: Projective Measure-
ments and Positive Operator-Valued Measurements (POVMs).

Projective Measurements: Projective measurements, also called von Neumann mea-
surements, are associated with Hermitian observables. Let A be a Hermitian operator
representing an observable, with spectral decomposition, A = }; a;P;, where each g4; is
a real root of the characteristic equation of A, and P; denotes an orthogonal projector
linked to the eigenspace associated with that root. Each projector satisfies the rela-
tions: P, = P;r (Hermiticity), Pi2 = P; (idempotency), and P;P; = §;;P; (orthogonality
for i # j). The set of projectors also obeys the completeness condition: ) ; P; = I.

When measuring the observable A in the state |¢), the probability of obtaining
outcome g; is given by P(a;) = (¢| P; [).

After obtaining this result, the system collapses to the normalized post-measurement
state

A Pi|¢>
') = ) (2.18)

Projective measurements represent an idealized measurement scenario and are a spe-

cial case of the general measurement formalism.

Positive Operator-Valued Measurements (POVMs): POVMs extend the notion of stan-
dard projective measurements by introducing a more flexible framework. They consist
of a collection of positive semi-definite operators E,;, often referred to as the elements
of the measurement, that obey the normalization condition: ), E;; = I. Each operator
E, is associated with a potential measurement result and satisfies E;; > 0, ensuring
that for any state |¢) € H, the quantity (¢| E,; |¢) is non-negative. Unlike projectors
used in von Neumann measurements, these operators are not necessarily orthogonal
or idempotent.

For a system characterized by a density matrix p, the probability of measuring
outcome m is computed as, P(m) = Tr(pE;;). Although the POVM elements E,, de-
termine the measurement statistics, the specific post-measurement state depends on

the physical implementation and cannot be uniquely inferred from the POVM alone.
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If a realization of the POVM involves a set of measurement operators { My, } such that

En = M}, M,,, then the post-measurement state (given outcome m) is

' MmPML

0 = MM (2.19)

POVMs are crucial when dealing with imperfect measurement devices or environmen-
tal interactions, thus making them particularly important within the realm of quantum

information processing and communication.

Postulate 4:

In the realm of quantum mechanics, the representation of a physical system con-
sisting of multiple subsystems is determined by the tensor product structure within
Hilbert spaces. The fourth postulate in quantum theory defines the construction of
the state space for composite systems, as well as how measurements and dynamics are
applied to such systems.

Consider a physical system made up of two distinct parts, labeled A and B each
associated with its respective Hilbert space, 4 and Hp. The overall Hilbert space
representing the combined system is constructed using the tensor product of these
individual spaces:

Haop = Hao R Hp. (2.20)

More generally, for n subsystems, the total Hilbert space is
Hiotal = H1 @ Ho @ - - @ Hy. (2.21)

The state of the combined system is represented by a density operator p 4, which
operates on the tensor product space H 4 ® Hg. This density matrix must be a positive
semi-definite operator with a trace equal to one.

The most general form of a two-qubit mixed state p 45 can be expressed using the Bloch
representation as:

3 3 3
pAB = (11®1+2ai0i®11+ b]-11®a]~+ZTijUi®0j>, (2.22)
. —

i=1 j i,j=1

I
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where, 0; and 0; are the Pauli matrices acting on systems A and B respectively,
i = (a,ay,a3) and b= (b1, by, bs) are the Bloch vectors of the reduced states p4 and
pp, and T;; = Tr(papo; ® 0j) is the correlation matrix.

Measurement and Reduced States: Measurement on a composite system can be global
(acting on the full Hilbert space) or local (acting on a subsystem). For example, a
measurement on subsystem A corresponds to applying an operator of the form M, ®
Ig, where M 4 acts on H 4 and I is the identity on Hp.

To describe the state of a subsystem, one uses the concept of the partial trace. Given
a composite state p 4, the reduced state of subsystem A is defined as: p4 = Trg(pas),
where the trace is taken over the degrees of freedom of subsystem B. This operation
preserves positivity and normalization, and ensures that the reduced state p 4 is a valid

density operator on H 4.

2.2 Quantum Correlations

2.2.1 Entanglement

Quantum entanglement represents a core feature of quantum theory, reflecting non-
classical correlations between parts of a composite system that defy explanation through
classical means.

We have already mentioned in the previous section that if two subsystems, A and
B, have individual Hilbert spaces H 4 and Hp, respectively, then the total system is
represented in the joint Hilbert space: Hap = Ha ® Hp.

A general pure state in this composite space is given by:

[9)ap =2_Cijl)a® /)5, (2.23)
L]

where {|i) ,} and {|j)5} form orthonormal bases for their respective subsystems,
and c;; are complex coefficients.

A separable state in a bipartite system can be written as a direct product:

[¥)ap = 1924 ©[X)p (2.24)
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where |¢) 4, and | x)  are pure states of the individual subsystems. However, if such
a decomposition is not possible, the state is said to be entangled.
A widely used method to analyze entanglement is the Schmidt decomposition [37],

which expresses a bipartite state as:

[9) ap = YAk lui) 4 @ oK) g, (2.25)
k

where A are non-negative Schmidt coefficients, and {|uy) 4 } and {|vi)} form or-
thonormal bases for A and B, respectively. If only one Schmidt coefficient is nonzero,
the state is separable; otherwise, it is entangled.

For mixed states, the system is described by a density matrix, a separable mixed

state can be written as:

pas =Y pipy © Py, (2.26)

where p; are probabilities and pg) and pg) are density matrices of the subsystems.
If such a decomposition is not possible, the state is entangled.

One of the most common for identifying entanglement in bipartite quantum sys-
tems, particularly in a qubit-qubit (C?> ® C?) or qubit-qutrit (C> ® C3) system, is the
Peres-Horodecki positive partial transposition (PPT) criterion [38,39]. This condition
asserts that a quantum state in these low-dimensional systems is entangled if and only

if its partial transposition possesses at least one negative eigenvalue.

A well-known example of maximally entangled states are the Bell states, given by:

1
) = 75100 & [11)), (2.27)
) = L (jo1) + 10)). (2.28)

V2

These states exhibit maximum entanglement, meaning that measuring one qubit

instantly determines the state of the second qubit, even if they are physically distant.
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2.2.2 Bell-nonlocality

Local Realism and Bell’s Theorem: The concept of local realism is central to classical

physics and refers to two fundamental assumptions:
* Realism: The properties of physical systems exist independently of measurement.

* Locality: Measurement outcomes at one location cannot instantaneously influ-

ence a distant system beyond the speed of light.

These assumptions lead to local hidden variable (LHV) models, which attempt to ex-
plain correlations observed in experiments using pre-existing but unknown (hidden)
variables [6].

Mathematical Formulation of Local Hidden Variable Models:

Consider a scenario where two spatially separated observers, Alice and Bob, share a
quantum system. Each observer can independently choose a measurement setting and
obtain an outcome. Alice selects a measurement setting denoted by x and obtains an
outcome A. Bob selects a measurement setting denoted by y and obtains an outcome
B.

The joint probability distribution P(A, B | x,y) quantifies the likelihood of observ-
ing outcomes x and ¥ when measurements corresponding to inputs A and B are per-
formed. In the framework of a local hidden variable (LHV) model, this probability is
mediated by a shared hidden variable A, distributed according to a probability density
p(A). Imposing locality leads to the condition:

P(A,B | x,y) = / 0(A)P(A | x,A) P(B | y, A)dA. (2.29)

Here, A represents the hidden variable(s), which encapsulate pre-existing informa-
tion about the system. The probability distribution of the hidden variable is given by
p(A), satisfying the normalization condition [ p(A)dA = 1. The term P(A|x,A) de-
notes the probability that Alice observes outcome x, given her measurement setting
A and the hidden variable A. Similarly, P(B|y, A) denotes the probability that Bob
observes outcome y, given his measurement setting B and the value of the hidden

variable A.
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This equation reflects the factorization assumption, stating that upon fixing the
hidden variable A, the statistical results obtained by Alice and Bob are no longer inter-
dependent and emerge independently. This reflects both realism (outcomes are prede-
termined) and locality (no faster-than-light influence between Alice and Bob).

Implications of Local Realism: The factorization condition imposes strict con-

straints on the types of correlations that can exist between Alice and Bob’s measure-
ments. These constraints lead to Bell inequalities, which any LHV model must satisfy.
If experimental data violates a Bell inequality, it indicates that at least one of the as-
sumptions, either realism or locality, must be incorrect.
The Clauser-Horne-Shimony-Holt (CHSH) inequality is one of the most commonly stud-
ied Bell inequalities. It applies to a bipartite quantum system where two spatially sep-
arated observers, Alice and Bob, perform measurements on a shared quantum state.
Each observer has access to two measurement settings: Alice is assigned the mea-
surement settings { Ao, A1 }, while Bob is associated with the settings { By, B1}. Each
measurement yields binary outcomes £1. The CHSH correlation function is defined
as:

B = (AgBo) + (AoB1) + (A1Bo) — (A1B1), (2.30)

where (A;B;) denotes the statistical average obtained by multiplying the outcomes
recorded by Alice and Bob during the execution of measurements A; and B;.

Within any local hidden variable theory, the CHSH inequality holds:
|B| < 2. (2.31)

In quantum mechanics, Alice and Bob perform measurements on a shared quantum
state, typically the maximally entangled Bell state. Each observer can choose quantum
mechanical operators that maximize Bell violations must be incompatible i.e., they must
not commute, ensuring that Alice and Bob’s measurements introduce intrinsic quantum
uncertainty.

The optimal choice of measurement observables that maximizes the CHSH expres-

sion is:

AO — UZ/ Al — Ux, (2.32)
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BO = ’ Bl = 7 (233)

where 0, and o, are Pauli matrices.
The expectation values of these operators, when evaluated on the Bell state, lead to

the quantum mechanical upper bound:
Bumax = 2V/2. (2.34)

These measurements correspond to different bases on the Bloch sphere, ensuring
they are mutually unbiased and do not commute. This incompatibility is crucial for
achieving the maximal Bell violation. If Alice’s and Bob’s measurements were com-
patible (i.e., commutative), then they would admit a classical LHV description, and

Bell inequality violations would not occur.

Feature Effect on Bell Violation
Commuting Observables ([A4, B] = 0) No Bell violation (LHV model possible)
Partially Incompatible Observables ([A, B] # 0, but suboptimal angles) Bell violation, but not maximal
Maximally Incompatible Observables (e.g., MUBs) Maximum Bell violation (2v/2)

Table 2.1: Effect of Measurement Incompatibility on Bell Violation

The Bell-CHSH expression has an algebraic upper bound of 4. However, quantum
mechanics does not permit any combination of quantum states and measurements
to attain this maximum value. Instead, the highest quantum violation achievable is
limited to 2v/2, a restriction known as Cirelson’s bound [40]. This violation directly

contradicts local realism, confirming the nonlocal nature of quantum correlations.

2.2.3 Generalized Contextuality

Generalized noncontextuality [41] is the logical conjunction of preparation and mea-
surement noncontextuality in scenarios associated with prepare and measure experi-
ments. Analogous to Bell inequality, generalized noncontextuality implies empirical
inequalities, referred to as (generalized) noncontextuality inequalities (NCI). Quantum
theory prescribes preparations and measurements, which, while satisfying the opera-

tional indistinguishable conditions, violate NCI. A contextuality scenario is specified
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by the number of preparations, measurements, and measurement outcomes, as well
as the operational indistinguishability conditions between preparation and measure-
ment procedures corresponding to their distinct convex mixtures, respectively. Given
a contextuality scenario, finding a set of empirical criteria fulfilled by any noncontex-

tual theory is a demanding task of both foundational and operational importance.

Consider, a prepare and measure experiment entailing several distinct preparation
and measurement procedures. A preparation procedure is labelled by Py, where x
denotes the specific preparation, and a measurement procedure is denoted by M,,,
where z and y represent the outcome and setting of the measurement, respectively.
Using an operational theory, such as quantum theory, we can make predictions about
the empirical statistics { p(z|x,y)}, where p(z|x, y) indicates the probability of obtain-
ing outcome z when the measurement specified by y is performed on the preparation
specified by x. We say that two preparation procedures, P, and P/, are operationally

equivalent or indistinguishable (denoted as Py ~ P,) if they yield identical outcome

statistics for all measurements,

p(zlx,y) = p(zlx',y), VM, (2.35)

Similarly, two measurement procedures M, |, and M, are operationally equivalent

zly Z'ly

or indistinguishable (denoted as M., ~ M,,), if they produce identical outcome

zly
statistics for all possible preparations

p(zlx,y) = p(Z'|x,y'), VP:. (2.36)

Let us consider a prepare and measure experiment involving 7, distinct prepara-
tions as x € {0,...,n, — 1} and n, different measurements as y € {0,...,n, — 1},
with each measurement having 1, possible outcomes as z € {0,...,n; — 1}. In this
experiment, we have a set of hypothetical preparations, each of which is realized by
taking convex mixtures of these n, preparations such that the resultant mixed prepa-

rations are indistinguishable. These mixed preparations are labeled by the variable
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s € {0,...,ns} and they are realized by the set of convex coefficients {a,|,}, satisfying
tyjs =0, Y a5 =1,Vx,5. (2.37)
X
The indistinguishability conditions imply that for all s, s’ € {0,...,ns},

Y Py~ Y o Py (2.38)
X X

It is important to note that the above set of indistinguishability conditions are taken to
be linearly independent, meaning that no indistinguishability condition can be deduced
from the other conditions. Mathematically, this requires the vectors {ii;}s of these

convex coefficients,

Us = (“0|5/ al‘s/ e I(an—l‘5>

to be an linearly independent set of vectors.
Similarly, we have indistinguishable measurement procedures labelled by
t € {0,...,n:}, each of them is realized by different taking convex mixtures with the

coefficients {B, ,|;} satisfying

:BZ,y‘t 2 0’ Z 5Z,y‘t = 1/ vzl Y, £ (239)
z,y|t

Thereupon, these indistinguishability conditions on measurements can be expressed

as

Y Byt My ~ Y By Mayy (2.40)
zYy z,y

forall t,t' € {0,...,n;}. Here also, we consider these indistinguishability conditions

to be linearly independent, which requires the vectors

U = (,30|t/,31|t/ e fﬁnyfllt)

to form an linearly independent set of vectors. The number of preparations, mea-
surements, and measurement outcomes, together with the set of linearly independent

indistinguishability conditions, defines a contextuality scenario.
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In quantum theory, preparations are described by density operators py, and mea-

surements are described by positive semi-definite operators M, satisfying } \, M, ), =

1, where 1 is the identity operator. The probability of obtaining outcome z when per-

forming measurement M, on preparation Py is given by p(z|x,y) = Tr(pxM,, ). Fur-

z|y zly
thermore, quantum preparations and measurements satisfy the indistinguishability

conditions given by (2.38) and (2.40) if and only if the following equalities hold:

Zocx|s 0x = Zocx|sl px, Vs, €{0,...,n}. (2.41)
X X
and
ZIBZ,]/HMZH/ = Z‘BZ/]/‘HMZW , Vt, t' € {O, . .,nt}. (2.42)
zy zY

An ontological model offers an explanation to the prediction of an operational the-
ory by considering the state of the system to be an objective reality. This state is called
the ontic state of the system, denoted by A € A, where A is an arbitrary measurable
space referred to as the ontic state space. A preparation procedure Py prepares the
system in an ontic state A with probability y(A|x). The distribution p(A|x) is known
as the epistemic description associated with the system’s configuration. In the context
of measurement, the probability of obtaining outcome z is described by the response

function ¢(z|A,y), where M, acts on the underlying ontic state A. An ontological

zly
model satisfying the generalized notion of noncontextuality assigns identical epis-
temic states to indistinguishable mixed preparations and identical response functions
to indistinguishable mixed measurement procedures [41]. More precisely, the indistin-

guishability conditions (2.38) and (2.40) in any noncontextual ontological model imply

Z‘xx|sy()\|x) = ZOCx|S/“Ll(/\|X), (2.43)
X X
foralls,s’ € {0,...,ns} and

Z;Bz,y\tg(z|)‘/y) = Zﬁz,y|t'§(z|7\/]/)/ (2.44)

zY zY

for all t,t' € {0,...,n;}, pertaining to every A. An operational theory is called non-

contextual if its predictions can be explained by a noncontextual ontological model.
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Given a contextuality scenario, the set of empirical probabilities {p(z|x,y)} obtained
from any noncontextual operational theory forms a polytope [42]. A general form of a

facet inequality of the noncontextual polytope is given by

Y exyzplzlny) <C, (2.45)
XY,z
where ¢y, . are real coefficients and C is the noncontextual bound. An operational
theory whose predictions violate such inequalities is said to be contextual. There exists

{p(z|x,y)} predicted by quantum theory that violates such inequalities in general.

2.3 Quantum Communication Tasks

2.3.1 Quantum Random Access Codes

Random Access Codes (RACs) play a crucial role in information theory and communi-
cation complexity, facilitating the efficient transmission of data in scenarios where re-
sources are constrained. In the RAC protocol, the sender (Alice) converts an n-bit mes-
sage into a shorter m-bit string, where m is less than n, and then sends this encoded
message to the receiver (Bob). Upon receiving the encoded message, Bob randomly
selects an index i € {1,2,...,n} and attempts to retrieve the bit x; corresponding to
that index with a high probability. The efficiency of an RAC is characterized by the
probability of Bob successfully decoding the requested bit [43-47].
Mathematically, an RAC satisfies the condition:

P(x;|E(x),i) > p, Vx,i, (2.46)

where P(x;|E(x),i) denotes the probability of correctly retrieving x;, and p represents
the minimum success probability of the decoding process. The parameter p is a mea-
sure of the reliability of the RAC, and its value depends on the encoding strategy em-
ployed. E(x) represents the encoding function that maps the classical input x (which
consists of multiple bits) into a smaller-dimensional representation.

Classical RACs are fundamentally constrained by information-theoretic limits, mak-
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ing it challenging to retrieve individual bits with high probability when m is sig-
nificantly smaller than n. However, the advent of Quantum Random Access Codes
(QRACS) has introduced quantum mechanical techniques that surpass these classical
limitations by leveraging quantum superposition and non-orthogonality of quantum
states.

Classical Random Access Codes: A classical n — m RAC is characterized by an
encoding function:

E:{0,1}" = {0,1}", (2.47)

where Alice encodes her message x = (x1, Xy, ..., X,) into an m-bit string E(x). Bob,

upon receiving E(x), applies a decoding function:

D(E(x),i) =x;, VE(x) € {0,1}", Vie{1,2,...,n} (2.48)

which allows him to infer the desired bit x;.

The probability of Bob successfully retrieving x; is given by:

P, succ —

S

i Pr[D(E(x),i) = xi]. (2.49)
i=1

Here, Psucc quantifies the success probability across all possible indices i, with the per-
formance of RACs depending on the encoding efficiency and constraints of the com-
munication channel.

Since classical RACs rely solely on classical encoding and retrieval mechanisms,
they are limited by classical information-theoretic bounds. The challenge increases as
m becomes significantly smaller than 1, leading to lower success probabilities.

Quantum Random Access Codes: The limitations of classical RACs can be over-
come using Quantum Random Access Codes (QRACs), which exploit the unique prop-
erties of quantum mechanics to enhance encoding and decoding efficiency. Instead of
encoding information into classical bits, Alice encodes the n-bit message into an m-
qubit quantum state p, within a Hilbert space of dimension d. The encoding function
in a QRAC is:

E:{0,1}" — H,, (2.50)
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where H; is a d-dimensional Hilbert space, and the encoded message is represented
by a density matrix py.

Upon receiving the quantum state p,, Bob applies a quantum measurement oper-
ation corresponding to his chosen index i to extract the bit x;. The probability of Bob

successfully decoding the requested bit is:
1 n
Pyee = E Z Tr(Mi,xiPx)r (2-51)
i=1

Where, M; . represents the measurement operator associated with Bob’s choice of in-
dex i.

The quantum advantage in QRACs stems from the non-orthogonality of quantum
states, quantum superposition, and mutually unbiased measurements, which allow
more efficient encoding than classical RACs. This results in a higher probability of
successful bit retrieval compared to classical methods. The improvement in QRACs is
achieved through several key strategies, such as using quantum communication [45],
or by transmitting classical bits with the help of a shared quantum state [48-51].

QRAC s represent a significant quantum advantage in compressed information re-
trieval. By utilizing quantum states for encoding, QRACs surpass classical RACs in
both efficiency and retrieval probability. Their applications span across quantum cryp-
tography, communication complexity, and quantum computing. In chapter (3), we
will provide rigorous mathematical formulations and explicit examples, to illustrate

the power of quantum information processing in random access coding.

2.3.2 Device-Independent Quantum Key Distributions

Quantum Key Distribution (QKD) [52] enables two separated users, commonly re-
ferred to as Alice and Bob, to establish a shared encryption key whose security is in-
herently based on the fundamental principles of quantum physics. However, conven-
tional QKD methods, such as the BB84 protocol [53] and the E91 protocol [54], rely on
precise modeling of the quantum devices involved. This assumption poses a vulner-
ability: if the devices are imperfect or behave differently than expected, an adversary

could exploit these flaws to compromise security. DI-QKD is based on the violation
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of Bell inequalities, ensuring that the key distribution process does not rely on trust
in the inner workings of quantum devices. Instead, security is guaranteed solely by
nonlocal correlations between measurement outcomes. The fundamental concept is
that when experimental correlations defy the bounds of a Bell-type inequality, it con-
tirms the genuinely nonlocal nature of the quantum system, thereby eliminating the
possibility of any eavesdropper having deterministic control over the outcomes. This
significantly strengthens security compared to standard QKD, where device imperfec-
tions or adversarial tampering can compromise the key.
DI-QKD is based on the concept of quantum nonlocality, which is fundamentally
tested through Bell inequalities. If Alice and Bob observe correlations that violate a
Bell inequality, they can be assured that their shared quantum states exhibit nonlocal
properties, which an eavesdropper cannot reproduce using classical resources.

In a typical DI-QKD setup:

e Alice and Bob share an entangled quantum state, usually a two-qubit maximally
entangled Bell state,

e Each party performs local measurements on their respective qubits,

e The outcomes of these measurements are used to extract a secret key,

e The integrity of the generated key is assessed through the statistical violation of
a Bell inequality.

The key assumption is that an adversary cannot reproduce quantum correlations
beyond the local-hidden-variable limit while remaining undetected. Hence, a pro-
nounced violation of a Bell inequality alone can act as a certification of the secrecy of

the distributed key.

In chapter(4) of this thesis, we explore DI-QKD using random quantum states,
based on an E91-like protocol, employing entangled states to ensure security through

Bell inequality violations.

2.3.3 Quantum Teleportation

Quantum teleportation is a fundamental protocol in quantum information theory that

enables the transfer of an unknown quantum state from one party to another without
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physically transmitting the state itself. Unlike classical communication, which enables
the direct transmission of information, quantum teleportation leverages quantum en-
tanglement and classical communication to achieve perfect state transfer, in compliance
with the no-cloning principle [55]. This technique has significant consequences for quan-
tum computing, secure quantum communication, and distributed quantum networks.

The quantum teleportation protocol was first introduced by Bennett et al. [56], and

it involves three fundamental resources:

1. An entangled state is distributed between the sender (Alice) and the receiver

(Bob).
2. A quantum measurement performed by Alice on the system.

3. Classical communication from Alice to Bob is essential for completing the tele-

portation process.

The goal of teleportation is to transfer an unknown qubit state (2.4) from Alice to
Bob. To initiate the teleportation protocol, Alice and Bob are assumed to possess a
shared maximally entangled Bell state, as defined in Eq. (2.27). The complete three-
step process is outlined below.

Step 1- Alice Performs a Bell Measurement:

Alice holds the unknown quantum state |¢) along with her share of the entangled
Bell pair. The overall state of the system (Alice’s qubit and the entangled pair) can be
expressed in the Bell basis as:

)@ |9°) 45 = ([0 + B11) © 5 (100) + 1)), 252)

Rewriting the expression in the Bell basis:

1 _
¥) @ |e") =3 [ |[©7) (&]0) + B[1)) + [®7) («|0) = B[1)) + [¥T) («[1) + B0))
+[¥7) (a]1) —ﬁl0>)]- (2.53)
Alice now performs a Bell measurement on her pair of qubits, projecting them onto
one of the entangled basis states such as |®*) and [¥*). This operation results in
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Bob’s qubit collapsing into a corresponding state, depending on the outcome of Alice’s
measurement.

Step 2- Alice communicates classical information to Bob:

Since Bob’s qubit is not identical to |¢) but rather a transformed version, he needs
to apply a correction based on Alice’s measurement outcome. Alice sends two classical

bits to Bob indicating which Bell state she obtained:

If Alice measures |® 1), Bob’s state is already |i) (no correction needed).

If Alice measures |®~), Bob’s state is 0 |) (apply o%).

If Alice measures |¥ "), Bob’s state is oy |¢) (apply o).

If Alice measures |¥ ™), Bob's state is 00y |¢) (apply 020%).

Step 3- Bob Applies a Corrective Operation:
Upon receiving Alice’s two classical bits, Bob applies the appropriate Pauli correc-

tion operator:

u =o', (2.54)

where a,b € {0,1} are determined by Alice’s measurement. After this correction,

Bob’s qubit is exactly |¢), achieving perfect teleportation.

Teleportation fidelity: The fidelity in quantum teleportation quantifies how efficiently
and accurately the procedure replicates the original quantum state, based on the over-
lap between the transmitted state and the input state.

Teleportation fidelity is characterized by the degree of overlap between the initial
quantum state |i) and the resulting teleported state pour. Mathematically, it is ex-

pressed as:

F = (| pout [) - (2.55)

Here, F lies in the range 0 < F < 1, where: F = 1 represents perfect teleportation,
meaning that the final state is exactly the same as the input state, F < 1 indicates im-

perfect teleportation, where some information is lost or altered due to experimental
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imperfections.

A key aspect of quantum teleportation is that it outperforms classical strategies. If
Alice and Bob were to use a purely classical communication scheme (without entan-
glement), the best possible strategy they could employ would yield a fidelity of at most
%. This is known as the classical bound for teleportation fidelity. A fidelity exceeding
F > % is a clear indication of the quantum advantage [57], showing that the proto-
col utilizes quantum entanglement effectively. In ideal quantum teleportation, fidelity

reaches F = 1, whereas in noisy conditions, it still remains above % if entanglement is

properly exploited.
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CHAPTER 3

FUNDAMENTAL ORIGIN OF THE QUANTUM
ADVANTAGE BEHIND RANDOM ACCESS

CODE

3.1 Introduction

As mentioned in the previous chapter, Random Access Codes (RACs) are fundamen-
tal protocols in quantum communication that demonstrate the advantage of quantum
systems over classical counterparts in certain information processing tasks.

RACs were introduced to illustrate the superior information-carrying capacity of quan-
tum systems compared to classical systems of the same dimension. While the Holevo
bound [58] establishes that a single qubit cannot reliably transmit more than one clas-
sical bit of information to a receiver, this limitation does not fully capture the potential

of quantum encoding. An m-qubit system is mathematically represented as a unit
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vector in a 2"-dimensional complex Hilbert space, indicating that classical informa-
tion can be encoded using exponentially fewer qubits. In general, Bob may not need
to know the information of all n bits together, but rather may choose to extract some
bits of classical information out of the encoding depending on some task and therefore,
may explore some degrees of freedom which otherwise were frozen. This motivates
to formulate the task of RAC without contradicting Holevo's result. Random access
codes have been shown to possess wide range of applications such as quantum finite
automata [44—46], network coding [59, 60], locally decodable codes [61-63], non-local
games [64], dimension witness [65-68], quantum communication complexity [69-73],
randomness certification [74], quantum cryptography [75], studies of no-signaling re-
sources [76,77], self-testing of quantum measurements [78], and so on.

The Bell theorem [6,79] establishes that correlations between spatially separated events
are subject to stricter constraints in classical theory than in quantum mechanics. In
contrast, for time-like separated events, two key no-go theorems—one based on non-
contextual hidden variable models (NCVMSs) [10,80] and the other on macro-realism
(MR) [81]—align with classical physics. Macro-realism, introduced by Leggett and
Garg, serves as a framework to examine the quantumness of macroscopic systems. It
is defined by two core principles: macro-realism per se, which asserts that a system
always exists in a definite state, and noninvasive measurability, which states that it is
possible, in principle, to determine the system’s state without disturbing it [81-85]. A
related variant, the non-invasive realist model, replaces macro-realism per se with a
more general assumption of realism.

Quantum mechanics contradicts the predictions of both models. Specifically, the
KCBS inequality, derived from NCVMs [86], and the Leggett-Garg inequality (LGI),
which follows from MR [81], are both violated in quantum theory. In recent years, LGI
and other forms of temporal correlations have drawn significant attention from both
foundational research [85,87-106] and practical applications [107-113]. For a compre-

hensive review, see [84, 85].

We consider the framework of the prepare and measure scenario (see, for instance,

[114]). We propose new inequalities for temporal correlations arising from sequential
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measurements and show that corresponding to every scenario of n — 1 RAC with SR
there exists such an temporal inequality. Any quantum advantage of these communi-
cation tasks are implied by an associated violation of the derived temporal inequali-
ties. These inequalities are asymmetric with respect to number of measurements. (For
space-like separated correlations, asymmetric Bell inequalities were introduced to dis-
prove the Peres conjecture [115].) Moreover, as an immediate consequence of our re-
sult, maximal violation of these temporal inequalities provide the maximal success
probability of the corresponding RAC with SR. In general, maximal success proba-
bility of such RAC is derived numerically for n > 1 with unproven optimality [47].
Moving on, we find an important application of our scheme in a cryptographically
primitive task, viz. randomness generation. We show that any non-zero quantum ad-
vantage of RAC can be used for certifying randomness, while all previously proposed
protocols for randomness generation based on RAC do not generate genuine random-
ness for any arbitrary success probability. [74,75,116].

This chapter is organized as follows. In the next section 3.2, a preliminary discussion
on n — 1 RAC is provided. In section 3.3, with the aim of designing operational cri-
teria for testing RAC, temporal inequalities have been proposed for each n — 1 RAC.
In section 3.4, it has been shown that any non-zero quantum advantage of n +— 1
RAC can be used to generate genuine randomness. Finally, section 3.5 is reserved for

summary and some concluding remarks.

3.2 Random Access Codes

321 2—1RAC

In a2 +— 1 RAC, Alice has an input string consisting of two bits x;x, € {00,01,10,11}
which she wants to send to Bob by encoding the bits in a qubit py,y,. Bob’s task is
to guess one of the bits (which is again chosen randomly) reliably. Therefore, after
receiving an input y € {1,2}, he performs a binary outcome measurement B, and

reports the outcome B € {0,1} as his output. In this scenario, the average probability
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of perfectly guessing the bit is given by

1
Fy 1 = 3 Z P(By = xy | x1,x2,¥). (3.1)

xl/x2/y

Now consider the most general preparations and measurements as,

1 . 1 .
por = 5 [T+ (F175013], pu = 5 [T+ (1), 62)
B — 1 1+ (-1)"6:.3], B, = ! 1+ (-1)"5, 3] (3:3)
5 7, 5 ¥ .

Here, d;, bA]- are the Bloch vectors denoting Alice’s and Bob’s measurement directions
respectively and ¢ are the Pauli matrices.

Clearly, poo + p11 = L, po1 + p10 = L, B]Q s B} = I for j = {1,2} and the notation
B;’j denotes the eigenstate corresponding to the outcome b; of measurement B;. The

average success probability now can be written as
Fa 1 = ~[Tr[oooB BY Bi B} BY B} Bi BY 4
231 = 8[ r(p00B + pooB3 + p11B1 + p11B; + p01By + p01B; + p10B;1 + p10B3]]. (3.4)

The maximum achievable value for the above quantity is %(1 + %) with classical strat-

egy, whereas it can reach up to 1 (1 + %) if quantum strategy is used [47].

322 3~ 1RAC

Ina 3 — 1RAC, a three-bit input string x1xpx3 from the set {000, 001,010,011, 100, 101,
110,111} is given to Alice uniformly at random. Alice then encodes the input string
in a qubit Py, x,x; and sends it to Bob. Bob upon receiving an input y € {1,2,3}, im-
plements a binary outcome measurement B, and reports the outcome € {0, 1} as his

output. The average probability of winning can be calculated as

1
Fs 1 = o7 Y. P(By=xy | x1,%2,x3,Y). (3.5)

x11x2/x3/y
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Let us now consider most general preparations

1 . 1 .
Pxxx = 5 M+ (=1)%d1 - 7], Pz = 5 M+ (=1)*d - 7],

1 B 1 L
Pxgx = 5 I+ (—=1)*d3-7], pxez= 5 I+ (—=1)%dy - 7], (3.6)

and measurements as,

B = % [11+ (—1) b].rr} , B

_1
27

1

[1[ + (-1 b}.(ﬂ , Bi=3

[1[ +(=1)bs b}.&] .
(3.7)

Clearly, pooo + p111 = I, poo1 + p110 = L, po10 + p101 = I, and pp11 + p100 = L.

The average success probability can be written as

1
Fs 1 = ﬂ[Tr[pooo(B? + BY + BY) + poo1 (BY + BY + B3) + po1o(BY + B3 + BY)
+ po11(BY + B3 4 B3) + p100 (B} + BY + BY) + p101(Bi + BY + BY)
+ p110(Bi + B3 + BY) + p111 (B + By + B3)]]. (3.8)

Here, the average success probability, [F3, ,; can be achieved up to %(1 + %) and

%(1 + \%), by classical and quantum strategies, respectively [47].

323 4~ 1RAC

In a4 — 1 RAC, Alice has a four-bits input string xjx,x3x4 which is given to her uni-
formly at random from the set {0000, 0001, 0010, 0011,0100,0101,0110,0111,1000, 1001,
1010,1011,1100,1101,1110,1111}. She then implements a preparation procedure by
encoding in a qubit py,x,x;x, and sends to Bob. Bob upon receiving an input y €
{1,2,3,4}, implements a binary outcome measurement B, and reports the outcome

B € {0,1} as his output. The average probability of winning is given by

1
Fy 1 = 6_4 Z P(,By = Xy | X1, X2, X3, X4, y) (39)

x11x21x3/x4/y
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Let us now consider most general preparations,

1 A o 1 . 1 .
Oxxxx = E [I[ + (_1)xﬂ1-‘7] s Pxxxx = E [I[ + (_1)x02-‘7] ;s Pxxix = E [I[ + (_1)xa3 ],
1 L 1 L 1 L
Pxxzx = E [I[ + (_1)xa4 ]/ Pxxxx E []I + (_1)x 5 U] ; Pxxxx = E [I[ + (_1)xa6 U] ’
1 L 1 L
Pxxxx = 5 I+ (—1)*d7.0], pPxzzz = 5 I+ (—1)*ds.0], (3.10)

[11 +(~1)» b}.a} ,

[]1 +(=1)h 154.77} . (3.11)

Clearly, poooo + p1111 = I, pooo1 + p1110 = I, poo10 + e1101 = I poo11 + p1100 = I,
po100 + P1011 = I, po101 + 1010 = I, Po110 + 1001 = I, and pp111 + 1000 = 1. Therefore
the explicit form of the average success probability of 4 — 1 RAC is calculated to be

Fys1 = é[Tr[Poooo(B? + BY + B3 + BY) + pooo1 (B + B3 + B3 + B}) + pooro(BY
+ B3 + B3 + BY) + pooi1 (B + B -+ B3 + B}) + powo(BY + B + B3 + BY)
+ poto1 (BY + B3 + BY + B}) + por1o(BY + By + B3 + BY) + po111(BY + B
+ B3 + BY) + prooo (B + BY + B + BY) + p1001 (Bi + B3 + B3 + By)
+ p1010(B1 + B3 + B3 + BY) + p1011 (B} + B3 + B3 + B}) + p1100(B1 + B}
+ B3 + BY) + p1101(B1 + B} + B + By) + p1110(B1 + B} + B3 + BY)
+p111(Bi + B3 + By + B)]]. (3.12)

For 4 — 1 RAC, the exact value of classical and quantum average success probabilities

are 3(1+ 1) and J(1+ 11—\\[?) respectively [47].

3.2.4 Generalization of n — 1 RAC

In an — 1 RAC, Alice has an n-bits input string x1xpx3x4 ... x, which is given to her
uniformly at random. She then implements a preparation procedure by encoding this

string in a qubit denoted by 0y, x,x3x,...x, and sends it to Bob. Bob upon receiving an
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inputy € {1,2,3,...,n}, implements a binary outcome measurement B, and reports
puty p Yy y p

the outcome § € {0,1} as his output. The average probability of winning is given by

F, 1 = P(By = y-th bit of Alice)

- Z P(By = xy | x1, s Xn, Y)- (3.13)

- n
7’12 X1, Xn,Y

For n — 1 RAC, there are 2"~ ! preparations and n measurements. Let us now consider

the most general preparations,

1 L L 1 L
Pxxx..xx = E [H + (_1)xa1.0.] r Pxxx.xx = 3 []I + (_1)x‘12-0'] ; Pxxx..xx = E []I + (_1)x‘13-‘7] ’

Oxxx..x% — = [I[ + (—1)xﬁ2n71_1-(ﬂ , Pxxx..xx — 5 I+ (—1)%ay1.0], (3.14)

B, = % [11 + (=) b rr] , By= % [11 + (-1 192.77] ,
By = o [T+ (-1)"b55] ..., By = 5 [T+ (~1)" b,.7]

Clearly, pyy + pm = I, where, m are the elements of the n-bit string set. The exact

form of the average success probability of n — 1 RAC can be calculated as

1

Fy1 = W[TT[POO...OO(B? +BY 4+ 32_1 +BY) +P00‘..01(B? +By4 -+ 32_1 +B})
+p00.10(BY + B+ +B) 1+ B)) + -+ p11.10(B + By + -+ By_; + By)
+P11...11(B% +By+ -+ B;11—1 + B (3.15)

The average success probability for n — 1 RAC (with SR) using best classical strategy
is known to be 3(1 + 1) [47].
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3.3 Temporal Inequalities Associated With The Random
Access Codes

We would now like to present a temporal inequality corresponding to each n > 1
RAC. To derive such temporal inequalities, we use the assumptions of realism and
noninvasive measurability. The term ‘realism” implies “at any instant, irrespective of any
measurement, a system is definitely in any one of the available states such that all its observable
properties have definite values”. On the other hand, the term ‘noninvasive measurability”’
assures that “it is possible, in principle, to determine which of the states the system is in,
without affecting the state itself or the system’s subsequent evolution”. It can be shown that
under these two assumptions the joint probability distribution get factorized at the

ontological level [81,84,85,89]. Mathematically,
P(a;, bj | Aj, Bj) = /AP(/\)P(%' | Ai, A)P(bj | Bj,A) (3.16)

with A being the hidden variable. Based on this macro-realistic definition of classi-
cality, later we derive temporal inequalities corresponding to each n — 1 RAC and
establish that violation of such inequalities implies non-classical temporal correlation.
The underlying experimental setup for both the scenarios are the same, as will be clear
from the following description.

In a temporal scenario, temporal correlations are obtained by measuring a single
system sequentially at different instants of time. In each run of the experiment, two
sequential measurements are performed on an identically prepared initial state. We
assume that the first measurement is performed by Alice whereas the second one is
performed by Bob. If Alice’s measurement is thought of as playing the role of prepa-
ration, then it is not very difficult to realize the similarity between RACs and macro-
realistic inequalities. This observation is further substantiated by formulating the rel-
evant inequalities which build the connection quantitatively. Suppose the measure-
ments performed by Alice and the corresponding outcomes are denoted by A; and a4;
respectively. Similarly, the measurements performed by Bob are denoted by B; with

corresponding outcome b;. All the measurements performed by both the parties are
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considered to be dichotomic i.e., a;, b; € {0,1}.

Initially, the state on which Alice performs her measurement is denoted by p;,,. The
correlation between Alice’s and Bob’s measurement outcome depends on p;;,. In the
present analysis we took a maximally mixed state, i.e., p;;, = 1I/2, for reasons that
will be clear later. It may be noted here that other states may be chosen for which the
same maximum violation for our temporal inequalities can be achieved using differ-
ent Bloch vectors (d;, bAj). However, even if the directions of Alice’s and Bob’s measure-
ments are changed, the maximum violation will remain the same.

Let the probability of obtaining outcome a; and b; be denoted by P(a;, b; | A;, B;),
when Alice measures A; at time #; and Bob measures B; at some later instant ¢; re-
spectively and a;,b; € {0,1}. Let us denote, A}, B;-jj as projectors so that ., AT =
I, ij B]l?j = I. Now, following the standard procedure, the joint probability distribu-

tion can be obtained using Bayes’ rule as,

P(a;, b; | A;,Bj) = P(a; | A;)P(bj | a;, A;, B))

. A% AGT
= Tr [Alpy,] Tr | B 100 (3.17)
Tr [Ai’pmAi’ ]
With this joint probability distribution, the two-time correlation is defined as,
Cij = Y (=1)%*iP(a;, bj | A;, By), (3.18)

ﬁj,bj

where @ denotes addition modulo 2. In the subsections below we present the temporal
inequalities corresponding to cases of 2 — 1, 3 — 1 and 4 +— 1 RACs. These inequal-
ities are derived with a close look at the success probabilities of the corresponding
RAC games. The general form of the temporal inequality for n — 1 RAC, i.e., K1 is
provided in the Appendix-(A).

As mentioned earlier, in our temporal scenario, the initially prepared state is con-
sidered to be /2. Since we are interested in finding the maximum violation of the
temporal inequality K,,,,1, without loss of generality we can stick to projective mea-

surements only. Consider the general form of the measurements on Alice’s side to
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be

1 R
Al = 5 [T+ (—1)%d;.0], (3.19)

where a; represents the outcome corresponding the measurement A; and 4; represents
the direction along which the A; measurement is being performed. On the other hand

the general form of the measurements performed on Bob’s side can be considered to

be

b, 1 A
B/ =5 [11+ (—1)bfb]-.a} , (3.20)

where bj represents the outcome corresponding to measurement B; and 13]- represents
the direction along which B; measurement is being performed. In the subsections be-
low we state the explicit form of the quantum strategy for which maximum quantum

violation of the temporal inequality K, ,; RAC is achieved.

3.3.1 Temporal Inequality for 2 — 1 RAC

Now, to derive a temporal inequality corresponding to the 2 — 1 RAC, let us first
assume that Alice and Bob have two choices of binary measurements, say, {A1, A2}
and {By, By} to perform in each run and p;, = %. Let us now consider the following

quantity in terms of the above correlators as,
K21 = Ci1 + Cy1 + Cip — Cop. (3.21)
Following Eq. (3.18), we calculate the Cy; term explicitly:

Ci1 =P(0,0|Ay, By) + P(1,1]Ay, By) — P(0,1| Ay, By) — P(1,0| Ay, By)
1
=5Tr[A]B] + A B} — AJB] — A{B]]
1
= TH[ADB] + A}B] — A1~ BY) — {1~ B})

=Tr[AJB) + A1B]] — 1.

where, A]' represents the eigenstate corresponding to the outcome a; € {0,1} of the
measurement A; and similarly for Bob. Here, the second equality can be derived using

Eq.(3.17), i.e., by evaluating all the probability terms explicitly, and the third equality
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follows from the fact that two eigenstate corresponding to the same dichotomic mea-
surement add up to unity, i.e., A + Al = I and B? + B]l =1 foralli,j.

Similarly, the other terms can be evaluated as
Cip = Tr[ABY + AlB3] — 1,Cy = Tr[AIBY + ALB]] —1,Cop = —Tr[AJBY + AIBI] + 1.
Hence, the expression for K, ,1 becomes,

Kas1=Ci1+Co1+ Ci2o — Co2
= Tr[AYBY + A1B] + AYBY + A1B) + ASBY + ALB] + AJBY + AYBl] — 4. (3.22)

It may be noted here that the eigenstate of the measurements performed by Alice A" is
the same as that of the preparations considered in Eq.(3.2). Now, comparing the above

equation with Eq.(3.4), one obtains

1
Kas1 = 8(Fps1 — E)' (3.23)

Conversely, Fp, .1 = % + %ICZb—}l-
It can be shown that the maximum quantum violation of the temporal inequality
KCoy1 corresponding to 2 — 1 RAC can be achieved up to 2.828 for the following sets

of measurements:

1 1
A = —(1,1,0), 8, = —(1,-1,0), 3.24
1 2( ), 2 ﬁ( ) (3.24)

and
by = (1,0,0),b, = (0,1,0). (3.25)

One can see that the strategy to reach the maximum violation of the temporal inequal-
ity Ko,1 with initially prepared state /2 is the same with that of the quantum strategy
for which the maximum success probability for 2 — 1 RAC is achieved.

Note further, a noninvasive-realist bound for the term K, ,; was derived to be 2

(See, Appendix-(A.1)). One can see from this relation that whenever the value of the
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term Cp, 1 falls below 2, the success probability of the 2 — 1 random access code
also falls below 3 which is the maximum probability of success with classical strat-
egy. Moreover, the maximum success probability of 2 — 1 RAC reaches %(1 + \/LE)
whenever the maximal qubit strategy of K, ,; reaches 21/2, and vice versa. There-
fore, any quantum advantage of 2 — 1 RAC implies a violation of the corresponding

macro-realist model.

3.3.2 Temporal Inequality for 3 — 1 RAC

To derive a temporal inequality analogous to 3 — 1 RAC, we need to consider four
measurements on Alice’s side say {A1, Ay, A3, A4} and three measurements on Bob’s
side say {Bj, By, B3}. In each run of the experiment, Alice performs one out of the
four dichotomic measurements on an initially prepared input state, pi, = 3, and then
Bob implements one out of the three possible measurements on the post-measurement

state of Alice. In this way let us define the following quantity in terms of the correlators

(3.18) as,

K31 = Ci1 + Cip + Ci3+ Cop + Cp1 — Co3 + C31 — Czp + Ca3 + Cy1 — Cgp — Cy3.
(3.26)

Following Eq. (3.18) and after some straightforward calculations, one can obtain the

general form of the correlators as
Cij = (=1)"[Tx[A7'B) + AT'B]] —1]. (3.27)

Here, i and j denotes Alice’s and Bob’s measurement indices, respectively. The out-
come of Alice’s measurement A?i are denoted as a; and 4; represents the complement
of a;.

Therefore, the term K3,_,1 becomes,

3 4
Kas1 = Z Y (—1)%[Te[A{B] + A7'B}] —1]
j=1li=1
3 4
=Y Y (-D)%Tr[Af'B) + Af'B}] — 12. (3.28)

j=li=1
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Taking the eigenstate of Alice’s measurement A}’, i € {1,2,3,4} as that of the
preparations for 3 — 1 RAC, i.e., Eq.(3.6) we obtain the success probability of 3 — 1
RAC to be

Kayq = 24Fs 41 — 12 (3.29)

or equivalently, Fs, 1 = % + ﬁng,%l.
It can be shown that the maximum violation of the temporal inequality K3, 1 corre-

sponding to the 3 — 1 RAC can be achieved up to 6.928 for the following measurement

settings:
A = %(1, 1,1),8, = %(1, 1,-1),
1
by = (1, —1,1),45 = ——(1,—1,~1). (3.30)
3 3
and
by = (1,0,0),b, = (0,1,0),b3 = (0,0,1). (3.31)

This is again the same strategy for which maximum quantum success probability of
3 — 1 RAC is achieved.

A noninvasive-realist bound for the above quantity K3, is derived in Appendix-
(A.2) to be 4. One can see that when K3, ,; = 4, the success probability [Fs, ,; reaches %
which is the best classical strategy to win the 3 — 1 RAC. On the other hand, with the
maximal qubit strategy, Ks3,,1 can however achieve value up to 6.928, and for this the
success probability F3, ,; to win 3 — 1 RAC reaches up to %(1 + \/lg) This is again the
maximum success probability of winning 3 — 1 RAC using quantum strategy. There-

fore, any violation of 3 — 1 RAC again does not possess any macro-realist description.

3.3.3 Temporal Inequality for 4 — 1 RAC

To derive a temporal inequality corresponding to 4 — 1 RAC, Alice and Bob need to
perform eight and four measurements respectively in their respective parts. In each

run of the experiment Alice performs one out of the eight dichotomic measurements
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on an initially prepared input state, pin, = %, and Bob performs one out of the four di-
chotomic measurements on the post measurement state of Alice. Let us now consider

the following quantity, consisting of thirty-two correlators given by,

Kas1 =Ci1+Cio+Ci3+Cra +Co1 + Coo + Co3 — Cog + C31 + C3p — C33 + Ca4
+ Cy1 +Cgp — Cy3 — Cgq + C51 — Csp + Cs3 + Cs4 + Co1 — Co2 + Coz3 — Cea
+C71 — Cyp — Cy3 + Cpy + Cgp — Cgp — Cg3 — Csa. (3.32)

Now, the explicit form of the correlators C;; can be evaluated directly from Eq.(3.27).

Therefore, the term 4,1 reduces to

8
Ko = Z Y o (—1)%4 [T A“’BO + A”zB ] —1]

j=1li=1
4 8 _
j=1 :1

with the symbols having usual meanings. Now comparing the eigenstate of Alice’s
measurement A?", i € {1,2,..,8} with that of the preparations for the 4 — 1 i.e., Eq.
(3.10), we obtain
K1 = 64(Fy 41 — %) (3.34)
Equivalently, Fy, ,; = % + él@;Hl.
The maximum quantum violation of the temporal inequality K41 can be achieved

up to 15.454 for the following measurement settings:

(1,1,2), 4 (1,1,-2),85 = —(1,-1,2),

1
VG
@:%(1,—1,—2) :f(\/_fo) \%(\@,—\/5,0),

= MWO)a %w@,—ﬂ,oy (3.35)

1
V6

&\H

and

S
[y

= (1,0,0), b, = (0,1,0),b3 = (0,0,1),bs = (0,0,1). (3.36)
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This is again the same strategy for which maximum success probability of 4 +— 1 RAC
is achieved.

A noninvasive-realist bound for K4 1 is derived in Appendix-(A.3) to be 8. In
addition, the best classical strategy to win the 4 — 1 RAC is %. One can see from the
above relation that whenever the K4, rises above 8 there is no macro-realist model,
and only in this case the quantum advantage of 4 — 1 RAC can be obtained. The term
K451 can reach up to 15.454 with maximal qubit strategy which also matches with the

maximum average success probability, [F4,,; = 0.741.

3.3.4 Temporal Inequality for n — 1 RAC

Let us now derive a temporal inequality corresponding to n — 1 RAC. To do so we
need to consider 2"~ measurements on Alice’s side say {A1,Ap, As, ..., Apn1}and n
measurements on Bob’s side say {By, By, ..., B, }. At first, Alice performs one out of
the 2"~ ! dichotomic measurements on an initially prepared input state, pj, = % and
then, Bob performs one out of the n possible measurements on the post measurement
state of Alice. Finally, they evaluate the quantity K, .1, represented in terms of the

correlators (3.18) as,

Kns1=Ci1+Cio+Ciza+--4+Cip+Cyp +Cn+Co3+ - — Co + C31 + Ca2
+ C33 +---+ C3n +---+ C(Z”_l—l)l - C(2n—1—1)2 - C(zn—1_1)3 +...
+ C(Z”—lfl)n + cte + Czn—ll - Czn—lz - CZ”—13 — CZ”—ln' (337)

It might be noted here that some of the correlators will contain negative sign. This is
because Alice’s and Bob’s measurements are anti-correlated for those particular terms.
Now, the explicit form of the correlators can be written from Eq.(3.27).

Therefore, the term /C,,,,1 becomes,

n 2n— 1
Koy = Z Z )% [Tr A”’BO+AalB ] —1]
j=1i=
2)171 B
= 21 » (—1)"Tx[A'B] + A{'B}] — n2" . (3.38)
j=1i=
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Now if we take the eigenstate of Alice’s measurement A?’, ic{1,2,...,2"1} as
that of the preparations for n — 1 RAC, i.e., Eq.(3.14), we obtain the success probability
of n — 1 RAC to be

K1 = n2"F,  —n2" 1 (3.39)

or equivalently, F,,, ,; = % + nlwlanL

It can be checked that when /C,,,,; = 2", the success probability IF,, ,; reaches
3(1+4 1) which is the best classical strategy to win the 7 — 1 RAC. In Appendix-(A.4)
we derive the noninvasive-realist bound for the temporal inequality corresponding to
the n — 1 RAC which turns out to be 2"~!. Now, from the relation between the av-
erage success probability IF,, ,; and corresponding temporal inequality X),,1, we can
conclude that any non-zero quantum advantage of general n — 1 RAC necessitates
non-classical temporal correlation. On the basis of the above investigation, following
the main idea stated at the beginning of this section, we clearly summarize our first
main result, given bellow.

e Result 1:-

“For every n — 1 RAC with SR, there exists a temporal inequality where Alice,
the first observer has 2" ~! measurement settings and Bob who measures later has
n measurement settings. The maximum success probability of each n — 1 RAC
with best classical strategy is related to the maximum noninvasive-realist bound,

and any non-zero quantum advantage of a n — 1 RAC translates to the violation

of the corresponding temporal inequality.”

Moreover, based on our analysis for the cases of 2 — 1, 3 — 1 and 4 — 1 RACs,
we can further make the following conjecture. If the maximum success probability of
n — 1 RAC occurs with a set of encoding states for Alice and decoding measurements
for Bob, then maximal violation of the corresponding temporal inequality is obtained
with Alice measuring observables whose eigenstates are exactly the encoded states
and Bob’s measurements are decoding observables with the initially prepared input

state /2.
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3.4 Certification of True Randomness

For the purpose of certifying randomness we describe here an alternative derivation
of temporal inequalities, instead of the one based on realism and noninvasive measur-
ability. This alternative derivation was proposed based on some operational assump-
tions which can be tested in a real experiment. In this alternative derivation the per-
taining assumptions are no signaling in time (NSIT) and predictability [89,97,117]. The
NSIT condition states that the measurement statistics are not influenced by the earlier
measurements, or mathematically, P(b;|B;) = P(bj|A;, Bj) VA;, B;, b; [89]. On the other
hand a model is said to be predictable if P(a;, b;|A;, B;) € {0,1} Va;, bj, A;, B; [118].
Now, if A denotes some classical variable at the ontological level, then in order to
predict the experimental results at the operational level one needs to integrate over all
A, ie., p(a;,bj|A;, Bj) = [, dAp(A)p(ai, bjlA;, Bj, A). Note that a crucial step to derive
the temporal inequality is to show that the probability distribution at ontological level

gets factorised, i.e.,
p(ai, bj|Aj, Bj, A) = p(ai| A, A)p(bj|Bj, A) (3.40)

Now, using predictability one can write p(a;, bj|A;, B, A) = p(a;, bj|A;, B;) as fur-
ther conditioning does not change the deterministic probability distribution. Using
Bayes’ rule one can write the probability distribution p(a;, bj|A;, Bj) = p(ai|A;, B}, b;)

x p(bj| A, Bj). Now, from the NSIT conditions one has p(b;|A;, B;) = p(b;|B;). Also,
from a physically reasonable perspective, it is broadly accepted that a later measure-
ment cannot influence the past measurement result, and hence p(a;|A;, Bj, b;) = p(a;|A;).
Since, at the ontological level p(a;|A;,A) = p(a;|A;) and p(b;|Bj,A) = p(b;|B;), the
probability distribution can be written in a factorized form p(a;, bj| A;, Bj, A) = p(a;|A;, A)
x p(bj|Bj, A). Therefore,

NSIT A predictability = factorizability (3.41)

or

— factorizability A NSIT = - predictability. (3.42)
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Hence, if we consider a set of probability distributions which satisfies the NSIT con-
ditions but does not fulfill the conditions for factorizability, then it is sure that pre-
dictability must be violated. In other words, if for a set of probability distributions
the NSIT conditions hold and the temporal inequality is violated simultaneously, then
predictability must not hold. Let us quantify this randomness by min-entropy Heo(X)
which captures the associated randomness that a particular distribution X contains.
Therefore, any probability distribution P(a;, b;| A;, B;) will not be predictable and hence
some genuine randomness must be associated with that probability distribution [119].

For some distribution P(a;, b;|A;, B;), the min-entropy is defined as

Heo(ai, bj| A, Bj) = —log,[maxg, ;. P(a;, bj| Ai, Bj)]
= mmai,b].[— logz[ (Lll', b]|AZ, B])H (343)

To calculate the randomness associated with the KC,,,,1, we need to find the max-
imum probability distribution P(a;, bj|A;, Bj) corresponding to some violation of this

inequality. In other words, we need to solve the following optimization problem [120].

P*(a;, bj|A;, B;) = maxP(a;, bj| A;, Bj)
constraints to K, ,1 = /CMRl + €,
P(a;, bj|A;, Bj) > 0,
Y P(a;, bj|A;, Bj) =1 VA;,B;,

a,-,b]-

and P(a;, bj|A;, B;) satisfy NSIT (3.44)

where P*(a;, bj| A;, B;) denotes the maximized value of P(a;, bj|A;, Bj) and KX, is the
MR bound of the temporal inequality X, 1 corresponding to n — 1 RAC. We use
linear programming to solve this optimization problem. The parameters « and 8 are
chosen in such a way that the inequality maintain its linear form. By putting some
boundary conditions, « and B are calculated for each K, ,; so that P*(a;, b]-]Al-, Bj) <
akys1 + B. Here, it may be noted that for any particular n — 1 RAC, if « and B
depend on a4;, bj, A;, B, then assuming P~ (a;, b]-|Ai, Bj) < a1 + B is not consistent,

since we chose « and 8 to be some constant so that the linear form of the inequality
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can be maintained. However, in case of a different n — 1 RAC, this « and f in gen-
eral depends on the inequality corresponding to K,.1 as well as on P*(a;, bj|A;, B;).
Therefore, in general it may depend on 4;, bj, Aj, Bj. A more detailed discussion on the
choice of « and S (for the Bell-scenario) is provided explicitly in Ref. [120].

Note for example, in the case of 2 — 1 RAC, the MR or classical bound of Ky, .1 is 2.

Now, Ky51 = 2 4 € (with € > 0) implies a non-zero violation of the inequality Ky, ;.

/CMR

ms1 T € €N

Therefore, optimization of P(a;, b;| A;, B;) under the constraints /C;;, .1 =
ables one to determine the maximum value of P(a;,b;|A;, B;) for a certain amount
of violation €. The other constraints P(a;, b;|A;, B;) > 0 and Yaib P(a;, bj|A;, Bj) =
1 VA, B; can be easily understood from the properties of a valid probability distri-
bution. The last constraint that P(a;, b;|A;, B;) satisfies NSIT implies that the prob-
ability distribution P(a;, bj|A;, B;j) satisfies the NSIT condition given by P(bj|B;) =
P(bj|A;, Bj) YA;, B, bj.

We are now interested to obtain a lower bound on the min-entropy He(a;, bj|A;, B;)
as a function of K, 1, i.e., we need to derive an inequality of the form He (a;, bj |A;, Bj) >

f(Ky1). Below we provide a general lower bound of Heo(a;, bj| A;, B;j) from the per-

spective of no-signalling in time conditions. Using linear programming and imposing

IN

NSIT conditions, it can be shown that solving Eq.(3.44) one can obtain P*(a;, b |A;, Bj)
aKp—1 + B, where « and B in general may depend on a;, bj, Aj, B;.

For 2 — 1 RAC, in the case of the classical strategy, a deterministic point can
achieve P(a;, bj|Ai, Bj) upto 1, i.e., P*(a;, bj|Ai, Bj) < 1 when Ky,,; = 2, and for the
no signaling (in time) box (which is equivalent to the Popescu-Rorlich box for spatial
correlation), P(a;, b]-|Al~, B]') = 1/21ie., when Ky 1 = 4, P*(a;, bj|A1-, Bj) < 1/2. There-
fore, analyzing the above inequalities one can obtain the values of « and  tobe —1/4

and 3/2, respectively [97,120]. Hence,

3 Ko
P*(ai, b]‘Al, B]) < E — 4 or
3 Ko

Heo(ai, bj|Aj, Bj) > —10g2[§ i

). (3.45)

In Fig.(3.1), a graphical representation of the lower bound of He(a;,bj|A;, B;) corre-
sponding to 2 — 1 RAC is provided.

A similar approach based on NSIT conditions can also be applied to other n — 1
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Figure 3.1: Min entropy Heo(a;, bj|A;, B;) is plotted with Ky 1
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Figure 3.2: Min entropy He(4;, bj|Ai, Bj) is plotted with 3,1

RAC. For the case of 3 — 1 RAC, the no-signalling polytope can achieve the value of

K31 up to 12 and for 4 +— 1 the value of K41 up to 32. Therefore, solving linear

equations one can obtain P*(a;, bj|A;, Bj) < 3 — ng” and P*(a;, bj|A;, Bj) < % — Kig”
for 3 — 1and 4 +— 1 RAC, respectively. The lower bound of He(a;, bj|A;, B;) cor-
responding to K3, and K41 RAC are plotted in Fig.(3.2) and Fig.(3.3) respectively.
Here, it may be pertinent to mention that if instead of P*(a;, bj|A;, B;), randomness is
certified from P*(b;| A;, B}, a;), then one obtains the maximum value of He(a;, bj|A;, B})
to be 1 for any n + 1 RAC, because P*(bj|A;, B, a;) is 1/2 in this case irrespective of

the value of n. Below, we summarize our key findings for the generation of genuine

randomness based on our protocol.
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Figure 3.3: Min entropy Heo(a;, bj|A;, B;) is plotted with Ky 1

e Result 2:-
"Any violation of the noninvasive-realist model of the temporal inequalities with
initially prepared input state 1/2, or equivalently, any non-zero quantum advan-

tage of n — 1 RAC with SR can be exploited to generate genuine randomness."

It might be noted here that previous results to generate genuine randomness exploit-
ing RAC do not guaranty genuine randomness for any non-zero quantum advantage

of n — 1 RAC [75,116].

3.5 Summary and Conclusion

Although the random access code has extensive applications in information process-
ing and communication tasks, the underlying reason for its advantage remained largely
unexplored until now. Here we showed that any non-zero quantum advantage of
RAC with shared randomness necessarily violates a noninvasive-realist model. We
proposed temporal inequalities corresponding to each n — 1 RAC with SR using the
assumption of realism and noninvasive measurability. We have then established the fact
that the maximum success probability of each n — 1 RAC with best classical strategy is
connected to the maximum noninvasive-realist bound. Moreover, any non-zero quan-
tum advantage of a n — 1 RAC was equivalent to the violation of the corresponding
temporal inequality.

Next, using an alternative derivation of the noninvasive-realist model, we showed

that any non-zero advantage of RAC can be used to certify genuine randomness.
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This is particularly significant as all the previously proposed protocols based on RAC
do not exhibit genuine randomness for the arbitrary quantum advantage of RAC
[74,75,116]. Before concluding a few remarks are in order. The maximum success
probability using quantum strategy for a general n — 1 RAC is hard to compute for
large 1, and numerical strategies may be needed to tackle this problem. Finally, it
may be reemphasized that our proposed protocol based on LGI violation is amenable
for experimental realization [106], and hence, the generation of genuine randomness
without entanglement based on our protocol might be exemplary for practical pur-

poses.
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CHAPTER 4

DEVICE-INDEPENDENT QUANTUM KEY
DISTRIBUTION USING RANDOM QUANTUM

STATES

41 Introduction

In the realm of encryption, Quantum Cryptography [121] offers safe encryption solu-
tion that leverages the inherent principles of quantum mechanics rather than relying
on the computational difficulty of classical algorithms like the Rivest-Shamir-Adleman
(RSA) algorithm. The most well-established protocol in this field is Quantum Key Dis-
tribution (QKD) [122], which enables two parties to share a secret key with security
guaranteed by the laws of quantum mechanics.

An alternative approach, known as Post-Quantum Cryptography, leverages classi-

cal cryptographic techniques to construct public-key encryption schemes that remain
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resistant to attacks from quantum computers [123]. However, while these methods are
designed to withstand currently known quantum attacks, the security of QKD remains
independent of any future advancements in computational power or algorithms.

As we already mentioned in chapter 2, this chapter is based on entanglement-based
QKD.

Device imperfections and implementation loopholes in realistic QKD setups can com-
promise the security of any QKD protocol. However, device-independent QKD pro-
tocols based on entanglement remove such concern over imperfections by demon-
strating QKD using uncharacterized devices [124,125]. Security can be checked us-
ing classical constraints on correlations between the parties via Bell’s inequalities [6],
though it has been shown recently, that violation of Bell-CHSH inequality is not suf-
ticient for secure QKD [126,127]. Device-independence allows QKD with uncharac-
terized devices [124,128-131]. Its security has been proven effective against collective
attacks [132,133]. On a different front, device-independent quantum secure direct
communication has been recently proposed [134-136]. Moreover, several interesting
works have been proposed on QKD such as long-distance continuous-variable QKD
using optical fiber [137], twin-field QKD [138,139], reference-frame independent QKD
using coherent states [140], and so on.

The majority of previous research on quantum key distribution (QKD) has predomi-
nantly focused on specific classes of pure states [141]. However, in practical scenar-
ios, maintaining perfect pure states is highly challenging due to environmental de-
coherence, which naturally leads to the formation of mixed states. A comprehensive
understanding of QKD requires investigating the role of these mixed states. While
the performance of two-qubit and qutrit pure states in entanglement-based QKD has
been extensively studied [54, 121, 142-144], research on mixed states remains limited
[121,143]. This is primarily due to the complexity introduced by multiple state pa-
rameters, which lead to multivariate optimization problems. In this chapter, we aim
to bridge this gap by thoroughly analyzing the performance of two-qubit mixed states
of all ranks in entanglement-based QKD.

Random states appear naturally in any experimental system. They not only arise nat-

urally in chaotic processes, but can be generated also in a systematic manner based on
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randomness in the outcome of quantum measurements [145]. Moreover, against the
intuition of observing random behavior, it has been found that random states exhibit
some universal features. Examples include the performance of random states for cer-
tain communication tasks wherein it has been shown that the dense coding capacity as
well as the teleportation fidelity decrease with increase in the rank of randomly gen-
erated states [146].

Randomly generated density matrices [147-150] serve as a crucial tool for analyzing
the behavior of typical quantum states within the state space. These random states
have played a significant role in addressing fundamental questions in quantum in-
formation theory, including the disproof of a long-standing conjecture regarding the
additivity of minimal output entropy [151]. Additionally, they have been employed
in understanding system-environment interactions, particularly in leveraging non-
Markovian noise for constructive feedback [152]. Recently, advantage of employ-
ing two random key basis instead of one in device independent(DI)-QKD has been
demonstrated [153]. Some recent interesting works have been proposed on DI-QKD
such as rate-distance limit of DI-QKD [154], photonic demonstration of DI-QKD [155],
and so on. The above studies motivate us to explore whether some universal under-
standing of DI-QKD tasks could be obtained using random states.

Here, we analyze the performance of Haar-uniformly generated random states in
entanglement-based QKD protocols. Specifically, we evaluate the average secure key
rate for states of varying ranks in device-independent QKD (DI-QKD). To begin, we
assess the quantum resources of these random states by measuring their entanglement
and Bell nonlocality. Our findings reveal that the secure key rate in DI-QKD dimin-
ishes as the rank of the random state increases. Furthermore, we establish that for
two-qubit mixed states of any rank with a fixed degree of entanglement, the secure
key rate in DI-QKD falls within a spectrum defined by the secure key rates of pure

states and Werner states, under both general and optimal collective attack strategies.
The chapter is organised in the following way. In the next section we recapitulate

the generation of random states of different ranks with the aim of utilizing them as

resource for DI-QKD. In Sec.(4.3), we present the normalized distribution of entang]le-
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ment . In Sec.(4.4), we present the device-independent QKD scenario under considera-
tion and provide our analysis for the resourcefulness of the randomly generated states
in terms of Bell-nonlocality, as well as their secure key rates. In Sec.(4.5), we have
shown the upper and lower bounds on the minimum secure key rate of mixed two-

qubit random states. Finally, we summarized and conclude this chapter in Sec.(4.6).

4.2 Haar Uniform Quantum Random States

Let us first briefly describe the procedure to generate random states. We randomly
simulate complex numbers from a Gaussian distribution with mean 0 and standard
deviation unity, denoted G(0, 1). This ensures that the measure is Haar uniform.

Pure states: Two-qubit pure states are then randomly generated using four such

random complex numbers.

1) = Zcij i) @ /) (4.1)
ij

Here, |i),|j) € {|0),|1)} form the computational basis of the first and second qubit
respectively.

Mixed states: Random two-qubit mixed states of various ranks are generated from
an appropriate pure state in a product Hilbert space by partial tracing of the suitable
subsystem.

Rank-2: Mixed two-qubit density matrices of rank-2 are generated from random

tripartite pure states in 2 ® 2 ® 2 by tracing out any one of the three qubits [146,152].

) =Tre| ¥ culi) @ i) @ [K)] (42)

i,jk=0,1

Rank-3: Mixed two-qubit density matrices of rank-3 are generated from random

tripartite pure states in 3 ® 2 ® 2 by tracing out the qutrit [146,152].

) =T[ ¥ T cpliolpol] (43)

i=0,1,2 jk=0,1

Rank-4: Mixed two-qubit density matrices of rank-4 are generated from random

quadripartite pure states in 2 ® 2 ® 2 ® 2 by tracing out any two of the four qubits
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[146,152].

’1/J4>:Trij[ Y. Cijkl‘i>®‘j>®|k>®’l>] (4.4)
ijJI=0,1

4.3 Normalized Distribution of Entanglement

Quantum mechanics offers several non-classical resources that give advantage in dif-
ferent communication tasks. Here, we are interested in the following resources: en-
tanglement and Bell-nonlocality. In this section, we only discuss the entanglement
part, and in the next section, we will discuss the Bell-Nonlocality part.
Entanglement: Entanglement of any two-qubit state can be quantified using Negativity
and Logarithmic Negativity. Using Eq.(1) to (4) we generate rank-1 to rank-4 random
states respectively, and we take partial transpose of those numerically generated states
and determine the eigenvalues {11, A2, A3, A4}. Logarithmic Negativity is defined as
LN =log,(2N +1) (where, N(= | L; Aj|) is Negativity and A; are the negative eigen-
values of the partially transposed state).
We study the performance of randomly generated states in DI-QKD tasks. Our entire
calculations and analysis are based on 10° Haar uniformly generated states for each
rank. The distribution of states is quantified in terms of the following parameters, as
defined below.

For a given rank of random state, the normalized distribution of quantum resource
is defined as the ratio between the number of states having an amount of QR, i.e.,
a < Q¢ < b, with Q. being the measure of quantum correlation (entanglement or Bell

nonlocality) and the total number of generated random states. Mathematically,

_ Number of states with Q. € [a, b

IFn
D NO

(4.5)

with Ny being the total number of simulated states. Here, ‘n” stands for normalized
and ‘D’ stands for distribution. Q. denotes logarithmic negativity and violation of
Bell-CHSH inequlity, in case of entanglement and Bell-nonlocality, respectively. We
divide the range of Q. € (0,1] in 10 parts to determine the normalized distribution of

quantum resource in simulated random states. The normalized distribution of entan-
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glement is given by

Number of states withLN € [a, b]
No

E,p = (4.6)

We investigate the performance of the random states based on entanglement and
Bell-nonlocality . As observed from previous studies [146], the number of resourceful
state decreases as the rank increases. For a particular rank, the fraction of Bell-nonlocal
states is lower than that of entangled states, exemplifying the hierarchy of these corre-
lations for a large number of random states [156].

In Fig. (4.1) we plot the normalized distribution of entangled random two-qubit
states against Logarithmic negativity. As shown in fig. (4.1), a large fraction of sim-
ulated pure states 85% have higher value of logarithmic negativily (0.5 and above),
whereas mixed state have percentage 43.8, 16.6, 5.5 respectively for rank-2, 3, 4 states
that have logarithmic negativity 0.5 and above. This implies that as the rank of the
state increases, its tendency to have higher value of entanglement decreases. We ob-
served that the quantum resourcefulness of the state decreases as the rank increases.
The rest of the chapter attempts to answer whether similar behavior is observed in the
entanglement based quantum key distribution task. Specifically, we address the effect

of rank and QR of the random state on its performance in DI-QKD.
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Figure 4.1: (Color online) Normalized distribution of entangled (E,p) random two-
qubit states (vertical axis) against Logarithmic Negativity (LN) (horizontal axis). We
mention only the upper value of LN in the horizontal axis for brevity. Thus, 0.1 denotes
the range (0, 0.1].
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4.4 Bell-Nonlocality and Secure Key Rate

4.4.1 DI-QKD protocol

Let us first briefly recapitulate the protocol of DI-QKD. Consider the two uncharac-
terized parties Alice and Bob sharing a bipartite entangled state p4p in C? ® C? as
shown in fig.(4.2). The two parties want to establish a secure key. For this, each
of them perform dichotomic measurements in two mutually unbiased measurement
bases (MUBs) and get two outcomes. Alice performs measurement of the observables
randomly chosen from the input x € {0,1} and gets the outcome a4 € {0,1}. Simi-
larly, Bob randomly chooses the input measurement y € {0,1} and gets the outcome
b € {0,1}. In the post-processing stage, both the parties publicly compare their input

measurements and keep only those outcomes for which their inputs are correlated.

Figure 4.2: (Coloronline) The device-independent quantum key distribution task.

Our protocol is similar to E91 protocol [54]. In a DI-QKD protocol, the devices are
untrusted. The security is guaranteed by checking Bell-inequality violation from the
measurement statistics. The basic steps of our DI-QKD protocol are as follows:

Quantum state preparation: Alice generates a pair of entangled photons at her lab
(random two-qubit state). She keeps one of the entangled photons and sends the other
to Bob’s lab through a quantum channel.

Quantum measurement: Alice performs measurement of the observable randomly
chosen from the input x € {0,1} and gets the outcome a € {0,1}. Similarly, Bob ran-

domly chooses the input measurement y € {0,1} and gets the outcome b € {0,1}.
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During post-processing stage, Alice and Bob keep the cases when their inputs are cor-
related and discard all other cases.

Bell-inequality violation: Alice and Bob use a fraction of inputs and outputs to ensure
the Bell-inequality violation. Those cases are also discarded as the output values are
disclosed.

Secure symmetric key generation: Alice and Bob perform bi-directional error correc-
tion on their output values and perform privacy amplification on the corrected keys
depending upon the information disclosed (function of the quantum bit error rate
(QOBER)) and Eve’s attacking strategy. The final keys are the secured symmetric keys.

The equality can be verified using a family of universal hash functions.

4.4.2 Secret key rate under different Eve’s attack strategies

Let us determine the secret key rate under different Eve’s attack strategies. In the ideal
scenario with no attack, Alice and Bob are left with perfectly identical keys. However,
imperfections in state preparation, transmission, measurement processes and eaves-
dropping can yield differences in their key strings. Alice and Bob can estimate the
error rate after comparing a small portion of their secure key. Formally, QBER for a
given state p 4p is defined as the average mismatch between the outcomes of Alice and
Bob. Let us denote Alice’s two MUBs as {|x%) }1_, (for a € (0,1)) which are correlated
to Bob’s MUBs {|y%) };_, (for « € (0,1)). The perfect correlation between Alice and Bob
would implies that Alice and Bob perform measurements in the same basis and when
Alice’s outcome is |x}), Bob’s outcome must be |y}). In the non-ideal scenario, there
can be non-zero probability of observing |x}) in Alice’s subsystem and |y} ) in Bob’s
subsystem where a # b. Hence, the QBER which is an average of all these mismatch

probabilities can be expressed as

1L 1
QBER =3}, ) (xaysloaslxivy)
x=0a#b=0

= 1@~ ] - nal) @7)

where A1 and A; are the two largest singular values of the correlation matrix T (¢;; =

Tr[(0; ® 0}).0B], where 0;(;) are the Pauli matrices) each of which is bounded from

60



above by 1.

The security of entanglement based QKD necessarily requires the demonstration of
nonlocal correlations. So, for example, violation of Bell-CHSH inequality is required
for the security of a DI-QKD since, none of the two parties are trusted in this scenario.
Note that the violation of the Bell-CHSH inequality is the necessary criterion and not
sufficient [127], and hence, there are states that violate the Bell-CHSH inequality but
still are not useful for the task of key distribution.

Note that for a given two-qubit state p4p the maximum value of Bell-CHSH in-
equality that can be achieved for optimal measurements is 2, /A% + A3 (say, S). Using

Eq.(4.7) QBER can be written in terms of Bell-Nonlocality (S) as

1 2 1
QBER = 5 (1—1/7¢ +3lMllAz| (4.8)

From this above equation we can see that with increase of Bell-Nonlocality (S), the
QBER may decrease. The security proof provides a bound on the rate at which Alice
and Bob can extract a secure key. The rate at which unconditionally secure key against

Eve’s attacks can be extracted is given by
T’(PABE) = I(A . B) — I(A . E) (49)

where, p opg is the joint state between Alice, Bob and Eve and I is the Holevo quantity
or the quantum mutual information. Usually, the joint state p4pg is not known to
Alice and Bob. So, the key rate is calculated from the QBER estimation after the error

correction algorithm and the effective state after the postselection (sifting etc.) is given
by
Clpas) =Y p(u)p5ye @ [u)(ul (4.10)
u

The effective key rate is then,

7(&(oas)) = 1(&(paB)) —T'(E(paB)) (4.11)

where, 1(¢(pap)) = Y, p(u) (X : Y) and I'(&(pap)) = Y p(u) [, (X : E). Eve has the

freedom to choose any attack, if it creates a state p 45 contained in the set of all bipartite
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states {pp } that are compatible with the measurement outcomes p(a, b|x, y), and have

a given reduced state p 4. The minimum secure key rate under such assumption is

’min = inf 7(C(pAB)) (4-12)

PAB}

Since the global state shared between Alice, Bob and Eve are not known, the secure key
rate can be determined as a function of the QBER using Eq. (4.10), (4.11) and (4.12).
Secret key rate under collective attacks(CA): In the case of collective attacks, the eaves-
dropper applies the same attack on each system of Alice and Bob. Here the minimum
secure key rate is a function of QBER(Q) and S. The minimum secure key rate is given

by [132]

remin > 1— h(Q) —h(” v (52/2)2_1) (4.13)

Where h is binary entropy and S (= 24/A2 4+ A3) is the Bell-CHSH violation.

Secret key rate under optimal symmetric collective attacks(OSCA): For the case of op-
timal symmetric collective attacks (attack optimised over the symmetries of the pro-
tocol, state and measurements of the communicating parties) by the eavesdropper in
entanglement assisted protocols for two-qubit states with two measurement settings

per qubit, the minimum secure key rate is given by [133]

smin = 1 +2(1 — Q)log, (1 — Q) + 2Qlog,Q (4.14)

We have two separate conditions for the security of a DI-QKD protocol. One being
rc©min > 0 for a secure key to be distilled while the second is the requirement that
the underlying entangled state violates the Bell-CHSH inequality. While it can be seen
that there exist no states with non-vanishing secure key and no Bell-CHSH violation,

there do exist states which show Bell-CHSH violation but have vanishing secure key.

4.4.3 Normalized and mean distribution of Bell-nonlocality

We now study the behaviour of Bell-nonlocal correlations and minimum secure key

rate of random states in DI-QKD.
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The normalized distribution of Bell-nonlocality is defined as

Number of states with Bell violation € [a, ]

N, —
nD NO

(4.15)

The mean distribution of quantum resource is the ratio between the total number of
quantum resourceful state and the total number of generated random states for a fixed

rank, given by
LFp
m _
Fp = No (4.16)

where we have summed over the entire range of 2 and b. Here, ‘m” stands for mean
distribution. This quantity represents the fraction of resourceful states. We consider
Bell-nonlocal correlations as quantum resource and analyse the mean distribution of

the Bell-nonlocality for the randomly simulated random states as follows:

Number of states violating Bell-inequality
No

Nup = (4.17)

In particular, we first analyse the normalised distribution of Bell-nonlocal correlations
(Eq.(4.5)) as shown in fig. (4.3). It is seen that the tendency of a random state to achieve
large value of Bell-CHSH inequality (2.5 and above) decreases with increasing rank.
We find 39.9, 1.9, 0.05, and 0.001 to be the respective percentage of the simulated rank-
1,2, 3 and 4 states that achieve Bell-inequality value of 2.5.
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Figure 4.3: (Color online) Normalized distribution of Bell nonlocal (N,,p) random two-
qubit states (vertical axis) against the violation of the Bell-CHSH inequality (BV) (hor-
izontal axis). We mention only the upper value of the Bell’s inequality violation in the
horizontal axis for brevity of notation. Thus, 2.082 denotes the range (2,2.082].
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We next perform a comparative study of the mean distribution of ¢y min and Bell-
nonlocality of all four ranks. The fraction of random states that have non-zero value

of the secure key rate is given by
NV
Fp = — 41
D= N, (4.18)
where N’ is the number of states that have non-zero value of secure key rate in DI-
QKD. Using Egs. (4.16) and (4.18), we plot the respective distributions for all four

ranks in Fig.(4.4).
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Figure 4.4: (Coloronline) The mean distribution of Bell-nonlocal (N,,p) random two-
qubit states as well as the fraction of random two-qubit states that have minimum
secure positive key rate (PKR), 7c(smin for the given rank of the states under optimal
symmetric collective attacks(OSCA) and collective attacks(CA) for different rank of
the random two-qubit state.

It is seen that the number of randomly simulated states that are Bell-nonlocal as
well as the states which provide positive minimum secure key rate decreases with
the increase of the rank of the states. The percentages of states that are Bell-nonlocal
and give positive secure key rate are 56.8, 8.2, 0.70 and 0.05 for rank-1, 2, 3 and 4,
respectively under optimal symmetric collective attacks. Similarly, under collective
attacks, the percentages are 36.8, 1.6, 0.04 and 0.001 for rank-1, 2, 3 and 4, respectively,
under collective attacks. Hence, the number of states giving positive secret key rate
under general collective attack are less than that under optimal symmetric collective

attacks.
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Note that the respective percentage of Bell-nonlocal states are higher in both cases.
This again implies that all Bell-nonlocal states are not suitable for DI-QKD, reinforcing
a similar claim in a recent work [127]. Moreover, the rate of decrease in r¢(s)min is more
prominant than Bell-nonlocality implying that higher rank Bell-nonlocal states are less
useful for DI-QKD. The number of states that are Bell non-local and have positive
secure key rate under general collective attacks is less in comparison to that in the
optimal symmetric collective attack for every rank. This behaviour is expected because
in the general collective attack strategy, Eve has the freedom to devise a strategy to
maximise mutual information whereas in the optimal symmetric attack, the quantum
protocol, state and measurement symmetries put constraints over the strategy of Eve.

This constrains Eve’s mutual information and relaxes the secure key rate requirements.

4.4.4 Average Key rates of Quantum Random States

For a given rank of the random state, the average secure key rate is given by the ratio
of the sum of the secure key rate of the simulated states to the number of states that
have non-zero value of the secure key rate, as

Y.iti
N/

~I

(4.19)

where, 7; is the secure key rate of the i" state and N’ is the total number of states that
have non-zero value of the secure key rate. The average key rate computed using Eq.
(4.19) in DI-QKD under optimal symmetric collective attacks is 0.36, 0.15, 0.09 and 0.07
for rank-1, 2, 3 and 4 states, whereas, under collective attacks, the average key rate is
0.34, 0.14, 0.09 and 0.06 for rank-1, 2, 3 and 4 states, respectively, as shown in Table-
(4.1). The average key rate in both situations where Eve does a general or optimal
collective attack decreases with increasing rank implying that the tendency to gener-
ate positive secure key rate decreases with increasing rank. The average key rates in
both the attack strategies are nearly the same for a given rank. Our entire calculations
are based on 10° Haar uniformly generated states for each case. We find that a large
fraction of pure states have positive value of minimum secure key rate and are Bell-
nonlocal in comparison with the mixed two-qubit states. This is in accordance with a

previous study [152] where it was observed that large fraction of randomly generated
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mixed states are Bell local states. However, this is in contrast with the observation for

teleportation fidelity where it was found that with increasing rank, relative number of

states that are local but gives non-classical fidelity increases [146].

Table 4.1: Average secure key rate in DI scenario

No. of random states No. of random states | No. of random states
that violate the Bell-CHSH | that have positive that have positive Average secure | Average secure
inequality (among 10° secure key rate under | secure key rate under | key rate (OSCA) | key rate (CA)
random states) OSCA CA
R-1 1000000 568522 368453 0.36 0.34
R-2 297642 82314 16662 0.15 0.14
R-3 54464 7060 423 0.09 0.09
R-4 8258 498 11 0.07 0.06

4.5 Upper and Lower bound on the minimum secure key
rate of random states

We observe that on average, the quantum resourcefulness of the randomly generated
states decreases with an increase in rank and this could be the reason that the perfor-
mance of the state also decreases in the DI-QKD task as its rank increases. In particular,
pure states perform better than rank-2 states, and in turn, rank-2 states perform better
than rank-3 and rank-4 states. Interestingly, there are states of different rank which
have the same value of the entanglement, but have different value of the minimum se-
cure key rate. To illustrate this feature, we next perform a comparative study of pure
states, general rank-2 states and Werner states. Werner states are the simplest and
most studied two-qubit mixed states that help in understanding the effect of noise on
maximally entangled Bell states. We determine the minimum secure key rate of these
three states in terms of the negativity to show the distinction in performance for the
same value of the entanglement.

An arbitrary two-qubit pure state in a Schmidt decomposition has the form

6 .0
[p) = cos 5 100) + sin 111) (4.20)

where, |0) and |1) are the eigenstates of the reduced density matrices, and eigenvalues

20

of the local density matrices are cos? § and sin g. The negativity of the pure state is
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S

given by the the square root of the determinant of its reduced density matrix, i.e., 83

Any two qubit mixed state of rank-2 can be expressed as,

05 = prlpn) (1] + (1 — p1) [92) (92 (4.21)

where, [i1) = aloy:) + Bl1n), 12) = alogt) + Bl1nd), [m) = al0) +b[1) and
n2) = a’'|0) + b'|1) with |5;-) and |55) being orthogonal states to |171) and |172) re-
spectively. The coefficients are taken to be real for simplicity and each of the states are
normalised, i.e., 4> +b?> = a”? + b = a?> + 2 = 1 and 0 < p; < 1 The entanglement

of state p3 in Eq. (4.21) is given by

1 .
Ny = 5 [q/p%—x—pl], if p; <0.5 (4.22)

1
N = |V e - ap) it > 05 423)

where, x = 4a?p%(a’b — ab’)?(2p; — 1). The state parameter p; of rank-2 state (4.21)

can be expressed in terms of the negativity, as

NZ o 0&2,32([1% . llb/)z .
o= No 2:2F2 (b — abl )2’ if p1 <0.5 (4.24)

N(N +1) + a?p*(a'b — ab’)?

M= e —a NP> 05 (4.25)

Next, the two qubit Werner state is given by

ow = ploty ot 1+ L2, 426)

where [¢p1) = |00) +|11)) with 0 < p < 1 and I being the identity matrix in

AL
V2
Hilbert space C2 ® C2. One can take any other maximally entangled Bell state instead
of |¢T) in the expression of the Werner state but the final expression of the minimum
secure key rate is same. The negativity of the Werner state is 3;’4—_1.

We now calculate the secure key rate of the rank-2 state (4.21) in terms of negativity
(N). Similarly, we calculate the secure key rate of the pure state and Werner state in
terms of the negativity (see Appendix (B) for the respective expressions). In Fig. (4.5)

we plot the minimum secure key rate of the pure state, the general rank-2 state and the
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Werner state in terms of negativity. From the figure it is clear that states with the same
value of the negativity can have different performance (7c(s)min) in the DI-QKD task.
It can also be seen that the secure key rate of the rank-2 two-qubit state lies in between
the secure key rate of pure state and the Werner state at same value of negativity for

both categories of collective attack, i.e.,

7‘C(S)mim(pp) > rC(S)min(p%) > rC(S)min(pW) (4.27)

where 7¢(5)min is the minimum secure key rate in our DI-QKD scenario (4.14).
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Figure 4.5: (Coloronline) Minimum secure key rate of randomly generated rank-2,
rank-3, rank-4 states, pure state and the Werner state in DI-QKD are plotted versus the
negativity for the case of optimal symmetric collective attacks. It is clear that the pure
state and the Werner state provides the upper and lower bound respectively, on the
minimum secure key rate of mixed two-qubit states in DI-QKD.

We further find numerically, that rank-3 and rank-4 states also have the minimum
secure key rate within the envelope formed by the pure state and the Werner state
for the same value of negativity. From Fig.(4.5) it can be observed that 78.6% of rank-
2 states, 39.8% of rank-3 states, and 22.7% of rank-4 states have rgny;, 0.1 and above
under OSCA. Further, from Fig.(4.6), it follows that 74.6% of rank-2 states, 28.2% of
rank-3 states, and 16.4% of rank-4 states have rcpin equals 0.1 or above under CA. All
of them are inside the envelope formed by the pure state and the Werner state. Our

above analysis can be summarized as following result:
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Figure 4.6: (Coloronline) Minimum secure key rate of randomly generated rank-2,
rank-3, rank-4 states, pure state and the Werner state in DI-QKD are plotted versus the
negativity for the case of collective attacks. Itis clear that the pure state and the Werner
state provides the upper and lower bound respectively, on the minimum secure key
rate of mixed two-qubit states in DI-QKD.

Result:
"The secure key rate of any mixed two qubit state in DI-QKD is lower bounded
by the secure key rate of the two qubit Werner state and upper bounded by the

secure key rate of the pure state possessing the same value of the negativity under

general as well as optimal collective attacks by Eve."

4.6 Summary and Conclusion

Quantum key distribution is set to become an integral part of modern cryptographic
applications. In theory, unconditional security has been shown for the prepare and
measure as well as the entanglement based schemes. However, in practice, perfect
quantum key distribution cannot be achieved due to the presence of different deco-
hering factors, device imperfections and implementation loopholes. Therefore, it is of
prime importance to study quantum key distribution protocols using randomly gen-
erated states rather than confining to specific set of states, with the aim of obtining a

universal perspective.
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In this work, we have studied the secure key rate of randomly generated two-qubit
states of all four ranks in entanglement based QKD. Our analysis is based on numer-
ical results obtained by considering 10° states corresponding to each rank. We first
estimate the fraction of states in each rank which are Bell-nonlocal, and the fraction of
states which yield positive secure key rate in DI-QKD under general as well as optimal
collective attacks by Eavesdropper. We show that both Bell-nonlocality and the mini-
mum secure key rate decrease with the increase of rank in general as well as optimal
attack strategy, which is a fundamental feature of such randomly generated states.

From our analysis we have observed that with increasing rank the decrease in se-
cure key rate is more pronounced compared to Bell-CHSH violation. The ratio of the
number of states that have quantum resource (entangled as well as Bell-nonlocal) as
a function of rank decreases slowly in comparison to the ratio of the number of states
that give positive secure key rate as a function of rank. For example, the ratio of the
number of rank-3 states that are Bell-nonlocal to the number of rank-2 states that are
Bell-nonlocal is 0.183, whereas the respective ratio for the number of states that give
positive key rate is only 0.085 under optimal symmetric collective attacks and 0.025
under collective attack respectively. It may be noted that quantum resourcefulness is a
necessary condition to obtain secure key rate. However, the secure key rate generation
is more demanding, and hence, the number of states that give secure key rate is lesser
compared to the number of resourceful states.

Our results further show that states with the same magnitude of entanglement can
lead to different values of the secure key rate. We demonstrate that the minimum
secure key rate of all two-qubit mixed states is upper bounded by the key rate of the
pure state, and lower bounded by the key rate of the Werner state possessing the same
value of entanglement quantified by their negativity in both optimal as well as general
collective attack strategy. It would be worth studying if the above bounds can be
obtained using analytical methods. It might also be interesting to study in future the
effect of statistical fluctuations in the number of randomly generated states on the
above bounds. Moreover, our present analysis should motivate further studies on the
resilience of random states against particular quantum attacks in QKD protocols, as

well as under other sources of error such as channel loss and misalignment rate [157].
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A detailed study using random state provides a source-independent analysis and
establishes an efficiency and performance profile of the quantum task under consider-
ation. For example, the random states can give a precise idea about the performance of
higher rank mixed states in tasks like quantum multiparty cryptography [158], secure
quantum secret sharing [159], quantum conference key agreement [160], quantum pri-
vate query [161] and quantum secure direct communication [134,135]. This in turn
should further be useful in understanding the efficiency of such tasks under decoher-
ence. This is so because decoherence can be modelled as a black box whose input may
be a random state and the output is some different random state, in order to analyse

the efficacy of employing random states in various quantum information protocols.
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CHAPTER 5

HARNESSING QUANTUM ADVANTAGE
FROM GENERAL CONTEXTUALITY

SCENARIOS

5.1 Introduction

The discrepancy between quantum theory and the framework of generalized noncon-
textuality, commonly termed generalized quantum contextuality, is a fundamental in-
dication of the nonclassical nature of quantum mechanics [41,42,162-182]. From an
operational standpoint, contextuality plays a crucial role in enabling quantum advan-
tages over classical systems in a variety of information processing and communication
protocols [183-193].

Noncontextuality adheres to the Leibnizian principle that assigns identical realist de-

scriptions to operationally equivalent experimental procedures. For example, prepara-
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tion noncontextuality assigns identical epistemic states to preparation procedures that
are indistinguishable, meaning all measurements yield identical statistics. Similarly,
measurement noncontextuality assigns identical response schemes to operationally
indistinguishable measurement procedures. Generalized noncontextuality combines
both preparation and measurement noncontextuality in scenarios involving prepare-
and-measure experiments. Like Bell inequalities, generalized noncontextuality im-
plies empirical inequalities known as noncontextuality inequalities (NCI). Quantum
theory prescribes preparations and measurements that satisfy operational indistin-
guishability yet violate NCIL.

Quantum theory can exhibit preparation contextuality by violating noncontextual in-
equalities that involve indistinguishability conditions among mixtures of preparation
procedures. Other fundamental nonclassical phenomena, including violations of Bell
inequalities and implications from the Kochen-Specker theorem [10], also highlight the
presence of preparation contextuality in quantum mechanics. Beyond its foundational
importance, preparation contextuality has been explored for its practical applications
in areas such as oblivious communication [183,184,186], state discrimination [173,191],
and randomness certification [192].

A contextuality scenario is defined by the number of preparations, measurements, and
measurement outcomes, along with the operational indistinguishability conditions for
preparation and measurement procedures in their various convex mixtures. Given a
contextuality scenario, finding a set of empirical criteria fulfilled by any noncontex-
tual theory is a demanding task of both foundational and operational importance. As
pointed out by Schmid et al. [42], in a contextuality scenario, the set of empirical statis-
tics possessing noncontextual explanations forms a convex polytope. Consequently,
the inequalities representing the facets of that polytope combine to provide the nec-
essary and sufficient criteria for empirically witnessing noncontextuality. Schmid et
al. [42] also formulate a computational technique to retrieve all the facet inequalities
applicable to arbitrary contextuality scenarios.

However, the method for determining the facets of the noncontextual polytope is com-
putationally expensive. In particular, the noncontextual polytope is a product of two

polytopes, one for preparations and the other for measurements. To obtain the facet
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inequality of the noncontextual polytope, one needs to compute the extremal points
of a Dp—dimensional polytope associated with the preparations to find the extremal
epistemic states, which are probability distributions over the ontic state space and the
extremal points of a Dr—dimensional polytope associated with product polytope. It
turns out, typically, Dp increases polynomially with the number of measurements and
Dr increases polynomially with the number of measurements times the number of
measurements, owing to the polynomial increase in the number of distinct ontic states
one needs to consider. This feature of the noncontextual polytope differs strikingly
from the respective polytopes of local correlations in Bell scenarios and noncontextual
correlations in Kochen-Specker contextuality scenarios, wherein it suffices to consider
a single ontic state.

The computational challenge of retrieving all facet inequalities for arbitrary contextu-
ality scenarios is significant. Unlike the polytopes of local correlations in Bell scenar-
ios and noncontextual correlations in Kochen-Specker scenarios, which require only
a single ontic state, the noncontextual polytope involves more complexity. Thus, it
is highly desirable to find efficient methods to identify empirical conditions within
the generalized noncontextuality framework, specifically statistical inequalities nec-
essarily satisfied by noncontextual theories. In order to address these fundamental
aspects of contextuality, we have proposed a novel and efficient method for retrieving
noncontextuality inequalities in any contextuality scenario, needing only a single ontic
state to characterize the polytope for preparations. This approach, unlike conventional
methods [42], maintains a constant polytope dimension regardless of the number of
measurements and their outcomes. This allows us to obtain a polytope that includes
the noncontextual polytope more quickly. The facet inequalities of this polytope are
noncontextuality inequalities that any noncontextual theory must satisfy. Violations
of these inequalities provide sufficient conditions for identifying generalized quan-
tum contextual correlations. We also investigate the robustness with respect to the
experimental noise of the quantum violations.

This chapter is organized as follows. In Sec. (5.2) we present details of our approach
for obtaining the set of necessary conditions for noncontextuality in an arbitrary con-

textuality scenario. We describe our method explicitly by elaborating on the signifi-
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cant steps of the algorithm for obtaining noncontextuality inequalities, and discuss its
merits in contrast to the standard approach. In Sec. (5.3) we discuss computational
advantage over finding facets of exact noncontextual polytope. In Sec. (5.4) we inves-
tigate various different contextuality scenarios using our methodology by considering
six scenarios with indistinguishability conditions only among preparations, as well
as two additional scenarios with indistinguishability conditions among both prepara-
tions and measurements. These scenarios encompass a range of four to nine prepa-
rations and a maximum of three measurements. Consequently, we retrieve a large
number of novel NCI as necessary conditions for noncontextuality in these scenarios.
In Sec. (5.5) we delve into various intriguing applications stemming from quantum
violations of our discovered noncontextuality inequalities. We demonstrate that the
quantum violation of some of these inequalities can serve to certify the dimension-
ality of quantum systems, non-projective measurements, and quantum randomness.

Finally, we conclude in Sec. (5.6) with a summary of this chapter.

5.2 Construction of the polytope and method to obtain
necessary conditions for noncontextuality

The fundamental underpinning concept entails retrieving the extremal points of a
polytope that characterizes the epistemic states corresponding to the preparations in
an ontological model. Crucially, these extremal points are formulated to be indepen-
dent of the number of ontic states while encompassing all feasible response functions

describing the measurements.

5.2.1 Polytope characterizing preparations

Let us recall that the presence of indistinguishability conditions in a given contextu-
ality scenario enforces the relationship (2.43) on the epistemic states u(A|x), where
ontic state A can take arbitrary possible values. Let us now introduce the following

additional variable,
pu(Alx) u(Alx)
x,A) = = = . (5.1)
10N = F )~ 5
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Also, 7i(A) # 0 for all A. Note that the denominator of the above expression is a

constant for all s, and has the expression
[ )‘) = Z“x|s,u()‘|x)' (5.2)
X

By dividing both sides of Eq. (2.43) by 7i(A), we find that our new variables {g(x, A) }

satisfy the following conditions for all A,
Vs, Y aysq(x,A) = 1. (5.3)
X

Hence, for each A, the collection of variables {g(x, A) } constitutes a convex polytope
that adheres to the positivity constraint q(x, A) > 0, as well as to the constraints im-
plied by Eq. (5.3). Let’s denote the extremal points of this polytope as e,, and the
corresponding values at these extremal points as g(x|e,). In simpler terms, any g(x, A)

can be expressed in the following manner:
Zw ep|A)q(xlep), (5.4)

where w(e,|A) are convex weights relative to each specific A.

5.2.2 Polytope characterizing measurements

On the other side, for each A, the set of quantities {G(z|A, )}, forms a convex poly-
tope that fulfills the criteria of positivity (¢(z|A,y) > 0), normalization (}_, {(z|A, y) =
1), and adheres to the constraints dictated by the indistinguishability condition in Eq.
(2.44). We assign the label e;, to the extremal points of this polytope, with the corre-
sponding value at these points denoted by &(z|y, e;). Consequently, any &(z|A,y) can

be represented in the following way
(z|A,y) Zw em|A)E(z|y, em). (5.5)

Here, w(en,|A) constitutes a valid set of convex weights pertaining to each A.
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5.2.3 Polytope characterizing combination of preparations and mea-

surements

We now articulate the empirical probability pnyc(z|x, y) stemming from non-contextual
operational theories in terms of the extremal distributions q(x|e,) and (z|y, e;) using

following sequence of mathematical relations:

pac(Elxy) = [ EGA KAL) dA
= /Zw eml/\ |y,em) (A|x) dA

= LéClen) ( [ wlenluain ir)

em

= ) ¢(zly,em) (/y w(en|A)q(x, )am)

m

_ Zg 21y, em) (/ w(em|A) (ZwePM x|e,,)) dA)

— ¥ qlepetelen) [ F0alen ot Nir). 6o

€p.em

The second, fourth, and fifth lines can be deduced from their respective preceding
lines through the application of Egs. (5.5), (5.1), and (5.4), respectively. The third and
sixth lines involve a rearrangement of the summation terms. At this juncture, we can

introduce the variables
w(ep, em|A) := w(ep|A)w(em|A), (5.7)

which form a set of convex weights since they satisfy w(ey, em[A) 2 0and 3, ., w(ep, em|A)
= 1for all A. Additionally, by summing over A on both sides of Eq. (5.2), it is apparent
that [, 7i(A) = 1. Hence, we have

/ﬁ()\) w(ep, em|A)dA m)?xw(ep,emM) =:w"(ep, em), (5.8)
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substituting this into Eq. (5.6), we arrive at the ensuing relation

pre(zlxy) < Y w(ep, em)q(xlep)E(zly, em). (5.9)

Ep €m

Thus, the probabilities p(z|x, y) in any non-contextual theory are necessarily bounded
by and confined within the polytope whose extremal points emerge from the multipli-
cation of e, and ey,. In other words, the probabilities p(z|x, y) lie within the polytope
determined by the extremal probability distributions {q(x|e;)¢(z|y,en)}. Let's denote
the probabilities associated with this bigger polytope as

(zlx,y) = Y w(ep, em)q(xlep)E(zly, em). (5.10)

€p,Cm

We can reconfirm, using the above relation, that p(z|x,y) indeed satisfy the indistin-

guishability conditions (2.38) since

Z“x|sp(2’x/y)
= Z w(eP’em) (Z“xSQ(x|ep)> C(Z’y/em)

€p, em

= Zw em)C(z|y, em) (5.11)

remains constant for all s, in accordance with Eq. (5.3). Similarly, p(z|x, y) also adheres

to the indistinguishability condition (2.40). However, the expression
Y p(zlx,y) Zw ep)q(xlep) (5.12)
zZ

does not necessarily equate to 1, thus violating the normalization condition. Never-

theless, all observed probabilities should satistfy the normalization requirement:

Y p(zlx,y) =1 (5.13)

In fact, there exists a polytope wherein the probabilities conform solely to the normal-

ization conditions (5.13). To rectify this issue with the extended polytope, our strategy
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is to identify the facet inequalities of the polytope defined by Eq. (5.10) while it is con-
strained by the polytope where probabilities adhere to the normalization conditions
(5.13). These inequalities form NCI since the actual noncontextual polytope lies within
both these polytopes. For a visual representation, refer to Fig. (5.1). Prior to presenting
the succinct algorithm outlining our method to derive NCI, we first demonstrate the

method by explicitly applying it to the simplest contextuality scenario.

V10
U7

V11

Vg

%)
U1

Figure 5.1: The extended polytope (IPp) encompassing the probabilities specified by
(5.10), is defined by the collection of vertices as, Pp = {vy,v2,v3,07,v8,v9}. The
polytope adhering solely to the normalization condition (5.13), is defined as, Pnp =
{v1, 02,011,010, 09 }. Pnep = {1, 02,03, 04,05} is the precise non-contextual polytope,
which exists within the confines of the other two polytopes. The derived noncontex-
tuality inequalities (NCI) are essentially the facet inequalities of the polytope formed
by the intersection of Pp and Pnp, which is defined by {v1, v, v3,v6, V9 }.

5.2.4 Algorithm to obtain the set of noncontextuality inequalities

Now, we summarize our algorithm, outlining the step-by-step process for deriving

NCI for any prepare and measure contextuality scenario.

* First obtain the extremal points {g(x|e,)} of the polytope for the variables {g(x) }

satisfying the conditions:

(i) q(x) = 0; (5.14)
(i) Vs, Ly aysq(x) = 1. (5.15)

e Next, evaluate the extremal points {{(z|y,en)} of the polytope of the variables
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{€(z]y)} satisfying the conditions:

(i) &(zly) = 0; (5.16)
(i) vy, L:6(zly) = 1; (5.17)
(iii) Vt, ', Zz,y 5z,y\t§(z|y) = Zz,y ,Bz,y|t’§(z|y)' (5.18)

In the case of only indistinguishability conditions on preparations, the polytope

is obtained using conditions (i) and (ii) only.

Multiply the extremal points obtained in the previous steps to yield the extremal
points of the extended polytope as g(x|ep) - {(z|y, em). Subsequently, determine
the facet inequalities of the extended polytope.

Impose the normalization condition (5.13) to the derived facet inequalities. For
example, p(z = k — 1|x,y) can be replaced by 1 — Y-¥=2 p(z|x, y) for all x, y, so that
the revised facet inequalities do not contain p(k — 1|x, y). Further reduce number
of probabilities {p(z|x,y)} in the facet inequalities using the indistinguishability
conditions (2.38) and (2.40),

Vs, s, Vz,y, Y aysp(zlx,y) = ) ayep(zlny), (5.19)

viL/ t//vx/ Z;Bz,y|tp(zlx y Z,Bzyhf’ |x y (520)
ZY

Finally, identify the symmetries on the variables x, v, z, such that the extremal
points {q(x|ey) - §(z|y, ex) } remain invariant, and apply these symmetries to the
revised facet inequalities obtained in the previous step in order to obtain distinct

in-equivalent classes of NCIL.
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5.2.5 An explicit example

The simplest contextuality scenario involves four preparations indexed by x € {0,1,2,3},

such that obey the following indistinguishability condition

(Po + Pl) ~ % (P2 + Pg) . (5.21)

N[~

Furthermore, there are two measurements, indexed by y € {0, 1}, each yielding binary
outcomes z € {0,1}. No non-trivial indistinguishable conditions are applied to the
measurements in this contextuality scenario. According to Eq. (5.3), the variables

{q(x)} describing the preparations adhere to the relations

q(x) 20, g(0) +4q(1) =q(2) +4(3) =2, (5.22)

while the variables {¢(z|y)} characterizing the measurements satisfy

¢(zly) =0, ¢(010) +¢(1]0) = ¢(0[1) +¢(1[1) = 1. (5.23)

Clearly, the set of allowed values of these variables form convex polytopes. It is easy
to see that there are four extremal points of both these polytopes which are labeled as

ep,em € {1,2,3,4},

ep | q(0ley) 4q(llep) q(2[ep) q(3lep)
1] 2 0 2 0
2] 2 0 0 2
3] 0 2 2 0
4] 0 2 0 2

em | §(00,em) &(1]0,em) (0L em) &A1, em)
1 1 0 1 0
2 1 0 0 1
3 0 1 1 0
4 0 1 0 1

By combining these extremal points, we obtain 16 extremal distributions

{q(x|ep)&(z|y,em)}, each corresponding to a specific pair (e,, en). Subsequently, we
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extract the facet inequalities of the polytope defined by these 16 extremal distribu-
tions, resulting in a total of 24 facet inequalities for this case. First, by utilizing the

indistinguishable condition (5.21),

vy, p(z[3,y) = p(z[0,y) + p(z[1,y) — p(z|2,y), (5.24)

we can substitute the probabilities {p(z|3,y)} in the facet inequalities to make them
simpler. Secondly, the polytopes of variables {g(x)} and {{(z|y)} satisfy symmetry
conditions with respect to interchanging variables. For example, if variables x = 0 and
x = 1 are interchanged, then the four extremal points {g(x|e,)} remain unchanged,
and consequently, the associated polytope retains the same form. Let us denote such

symmetry by Py <— P;. Similarly, we can identify all the symmetries in this scenario

Py+— P
Py, «— Ps
Mo‘y < M1|]/ Vy = 0,1
MZ‘O —— MZ|1 Vz = 0,1. (525)

When an inequality becomes identical to another after applying any of the symmetries,
it indicates that these two inequalities are equivalent. After systematically applying all
of the symmetries (5.25), we can identify a set of inequalities that are equivalent to each
other and form an equivalence class. It is sufficient to consider any one representative
inequality from that equivalent set or equivalent class of inequalities. The ‘orbit size’
signifies the number of inequalities within a specific equivalence class. Among the 24
inequalities initially obtained, the different in-equivalent classes of facet inequalities
are enlisted below, where we have used a short-hand notation p5 , := p(z|x,y).

Some of these inequalities are violated by quantum theory. It is apparent that the
normalization condition does not hold since the quantity (5.12) is not 1 for any of the
extremal points of e, given above. Therefore, we will consider the facet inequalities of
the polytope intersected with the polytope where the probabilities satisfy the normal-
ization conditions (5.13). This can be readily done by substituting p(1|x, y) in the facet
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orbit size | Inequalities
9 _P%,o <0
oo+ P+ P <2
—Poo — Poo + Pos <O
Poo+ Poo+ Pia <2
Plo+ PaotPos — Pag <2
_PSJ — Pop + P20 — P11 <O
—Poo — Plo+ P2, —Pro+pay <O
Poo+ 1Yo — P31+ Poo+ Pao— Pos <O
—Poo — Plo T Po1 — Poo — Pao+ Pos <O

== Q| W PN W

inequalities using the normalization condition

p(1lx,y) =1 - p(0lx,y) Vx,y. (5.26)

Further, imposing the symmetries (5.25), we find that the number of in-equivalent

classes reduces to only two,

orbit size | Inequalities
16 phy <1
8 Plo—Pao—Poat P <1

Table 5.1: We obtained 24 inequalities for the simplest contextuality scenario described
in (5.21). This set of inequalities reduces to two in-equivalent classes after applying the
indistinguishable conditions, symmetries, and normalization conditions.

While the first inequality is trivial, the second inequality is violated in quantum
theory, achieving the maximum value V2 ~ 1.414. Ttis interesting to note that this
second inequality is identical to the success metric of the parity oblivious random

access codes [183].

5.3 Computational advantage over finding facets of ex-
act noncontextual polytope

Method to find the exact noncontextual polytope was provided by Schmid et al. [42].
The polytope presented in this work is notably larger than this exact noncontextual

polytope. Consequently, the violation of the inequalities we derive here serves as a
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sufficient criterion (though not necessary) for operational certification of generalized
contextuality. However, our approach presents a two-folded and substantial advan-
tage over the method for identifying the exact noncontextual polytope in terms of
efficiency.

We recall that ny,ny, and n; refer to the number of preparations, measurements,
and outcomes, respectively, in a contextuality scenario. Say, the number of extremal
points obtained for the variables {¢(z|y)} satisfying (5.16)-(5.18) is r. According to the
method in [42], the total number of ontic states A sufficient to characterize the prepa-
rations is ny - r. However, owing to the normalization conditions and the independent
indistinguishability conditions (2.43), 1y and r - ns number of variables are eliminated,
respectively. As a result, the dimension of the polytope {y(A|x)} characterizing the
preparations becomes, Dp = (ny — ns)r — ny [194].

In contrast, our method involves a fixed number of independent variables for char-
acterizing the preparations {g(x)}, which is ny — n, (see (5.14)-(5.15)) irrespective of
the settings of the measurement side. Therefore, the difference between the dimen-
sions of the two polytopes, whose extremal points are computed in the two different
methods, is given by

Ap = (ny — ng)r — 2ny + ns. (5.27)

Furthermore, the method in [42] involves r - n, - n, number of variables {¢(z|y, A)}
that describe the measurements. And, owing to the normalization conditions and the
independent indistinguishability conditions (2.44), we can eliminate r - n, and r - 1
number of variables, respectively. As a result, the dimension of the polytope char-
acterizing the measurements becomes r(nynz — Ny — nt). One needs to compute the
extremal points of the product of the two polytopes involving the variables {p(A|x)}
and {¢(z|y, A)} by multiplying the extremal points of these two polytopes. The prod-
uct polytope has a dimension of Dy = (ny — ns)r — ny + r(nyn, — n, — n;), which
follows from the fact that the dimension of a product polytope is the sum of the di-
mensions of the individual polytopes [194]. On the other hand, the product polytope,
for which we compute the facet inequalities in our method, possesses a dimension
of ny — ns + nyn; — n, — n;. Hence, the difference in dimensions between these two

product polytopes, whose extremal points are computed through these two methods
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is given by

Ar = (r = 1)(ny + nyn, — ng —ny — ny) — ny. (5.28)

As an example, when there are no indistinguishability conditions for measure-
ments, we know that r = ngy and n; = 0. Consequently, Ap scales in the order of
ngy , and A7 scales in the order of nyngy , leading to an exponential increment with the

number of measurements.

5.4 Noncontextuality inequalities (NClIs) for various sce-
narios and their quantum violations

In this section, we explore various elementary contextuality scenarios in detail. First,
we retrieve all the NCI using the aforementioned method. Subsequently, we conduct
a comprehensive study of their quantum violations and establish upper bounds on
the maximum quantum violations. Before presenting the results, we introduce a Fact
that greatly aids in obtaining quantum violation for any preparation NCI with binary

outcomes.

Fact 1. Consider any linear figure of merit in any contextuality scenario where there are no
nontrivial indistinguishability conditions on measurements, and the outcomes are binary, that
is, z € {0,1}. Since the outcomes are binary, we can replace p(1|x,y) by 1 — p(0|x,y) and
express any linear expression as )., cx,yp(0|x,y) where cx,y are some real numbers. Given
any quantum preparation strategy {px } satisfying the indistinguishability conditions, the best
possible quantum measurement strategy {M., } is fully determined by the preparation strat-
egy as

Mo, = ) Pa, (5.29)
a>0

where P, is the eigenprojector of the operator (Y, cxypx) corresponds to positive eigenvalue

a, that is, (L cxypx) Pa = alPg.

Proof. By splitting the sum and replacing the probabilities with quantum states and
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measurements, we find that

Y cxyp(Olx,y) = ). (Zcx,yP(OIx,y)>
X,y y X
y

Given {py}, the quantity )", cyy0y is fixed and Hermitian, having only real eigenval-
ues. Thus, for every y, the best possible quantum measurement strategy is to take M),
sum of eigenprojectors corresponding to the positive eigenvalues of ), cy 0. Finally,

we have My, = 1 — Moy, O

To identify quantum violations, two semi-definite programming-based methods
[166] are employed. The first method entails alternating sequences of semi-definite
programs and is commonly referred to as the see-saw method. It provides a lower
bound on the quantum violation of the NCI, along with the corresponding quantum
states and measurements that lead to such violation. This optimization involves the
following steps. Initially, random quantum states of fixed dimension are generated,
adhering to the indistinguishability conditions on preparations. Quantum measure-
ments are then optimized to maximize the relevant linear function of probabilities (the
left-hand-side of the relevant NCI) while satisfying the indistinguishability conditions
on measurements. In general, this set forms a semi-definite program, except in cases
where there are no indistinguishability conditions on measurements and outcomes
are binary, and Fact 1 is used to determine the optimal quantum measurements for the
generated quantum states. In the subsequent step, the optimized measurements from
the previous step are fixed, and the best quantum states are found that optimize the
relevant expression while satisfying indistinguishability conditions on preparations.
Yet again, this step forms a semi-definite program. This two-fold optimization process
is iterated until the value of the relevant expression saturates. Moreover, this entire
optimization is performed for different choices of initial random quantum states, and
the best value along with the associated quantum strategy among these is retained.
The value obtained through this see-saw method is denoted as Qg for the chosen di-

mension (d) of the quantum states and measurements. While the value o may not
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be the optimal quantum value, the method is useful as it delivers the corresponding
quantum states and measurements that achieve this value.

Additionally, the robustness of the quantum violations is studied as a means of
comparing violations of different NCI inequalities. Here, we consider the robustness
with respect to the presence of white noise, which is the maximum amount of white
noise that can be added while the quantum violation persists. Specifically, given the
quantum states {px}x and quantum measurements {M,, },, acting on C“ achieving
Q4 found from the see-saw method, we take the noisy states w(1/d) + (1 — w)px,
where w € [0,1] being the noise parameter. As the measure of robustness, the mini-
mum value of w, denoted by wf, is then determined so that the left-hand side of NCI
coincides with the noncontextual bound C. It can be readily verified that, for a general

inequality (2.45),
d_
Qs -
where v = (1/d) ¥ - cxy,z Tr(M,),) is the value of left-hand-side of (2.45) for the

(5.31)

maximally mixed state. The larger value of w? the more robust is the quantum viola-
tion arising from {px }x and {M,, }..

The second method involves implementing the semi-definite hierarchy introduced
in [170] up to the first level, which yields a dimension independent upper bound on
the maximum quantum violation of NCI. We denote this upper bound by Q;. There-
fore, if Q1 matches with Q‘Si, it indicates the exact maximum violation (up to machine
precision).

The simplest scenario of four preparations satisfying indistinguishability condi-
tions (5.21) has been discussed rigorously in Sec. (5.2). Eight other scenarios with
their quantum violations are discussed in the following subsections. The respective
polytopes and symmetries have been found using ‘polymake’, and the bounds on the
quantum violations based on the aforementioned semi-definite programming meth-
ods are found using ‘Matlab’ and ¢sdpt3’. The codes are available in [195]. We enlist
the NCI except the trivial NCI that are of the form p(z|x,y) < 1or p(z|x,y) > 0. Apart
from the last scenario, all other scenarios involve only binary outcomes. For the sake

of convenience thereof, we express the NCI only in terms of outcome z = 0 and further
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use the following short-hand notation to denote the probabilities
Pry = p(0]x,y). (5.32)

Scenario 2

The contextuality scenario is defined as follows:

1 1
xe{011/2/3}1y6{011/2}126{0/1}/ _(P0+P1+P2)N§(PO+P3) (533)

3
orbit size | Inequalities | 92 | W] O
24 | To= —poo+2p10 + Po1 — 2p21 < 2 | 2.6458 | 0.244 | 2.7321
5 po2 —2p12 —2p22 <0 0 0 0

Table 5.2: We obtain 48 inequalities in the contextuality scenario (5.33). Out of these
inequalities, 19 are trivial. The rest of them are reduced to 2 inequivalent classes after
applying the indistinguishable conditions and symmetries mentioned below.

2 2 1
Yy, z, p(zlx =3,y) = gp(Z!x =1y)+ gp(ZIX =2,y) — gp(ZIx =0,v); (5.34)

Py «— Po; Mopy <— My, Vy; Mg <— My; My <— Myp; My <— M;pVz. (5.35)

The set of inequivalent nontrivial NCl is enlisted in Table (5.2), and the quantum strat-
egy that achieves the highest quantum violation of Z, is illustrated in Fig. (5.2). An
interesting aspect of this contextuality scenario deserves attention. We define an on-
tic distribution as deterministic when pu(A|x) € {0,1}; otherwise, it’s probabilistic.
Notably, the noncontextual bound 2 of the NCI Z, (in Tab.5.2) can only be attained
through a probabilistic ontic distribution in any ontological model. For instance, con-

sider the following model where A1, A, € A:

x [0 1 2 3 p00,A) 1
p(Mlx) [0 1 0 5 py(0]0,A2) | O
p(Aax) [1 0 1 5 pa(0[L,Az) | O
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This model satisfies
1 1
3 ((A10) + p(A[1) + pu(A[2)) = 5 ((A]0) + p(A[3)). (5.36)

while simultaneously yielding Z, = 2. On the other hand, to determine the maximum
value of 7, for deterministic epistemic states, it is sufficient to examine all feasible
deterministic epistemic states considering at most four distinct ontic states. The opti-

mization reveals that the value is 1.

Scenario 3

The contextuality scenario consists of five preparations and two binary outcome mea-

surements and is defined as follows:

1 1
X € {0,1,2,3,4}, RS {0,1}, zZ € {0,1}, E (PO —|—P1) ~ 5 (Pz —|—P3+P4). (537)

The set of inequivalent NCI for the contextuality scenario is given in Table (5.3), and

the strategy that attains maximum quantum violation of Z3 is illustrated in Fig. (5.2).

orbit size | Inequalities | Q2 | Wi | O
2 —3p0,0 — 3]91/0 -+ 2]92,0 + 2P3,0 <0 0 0 0
24 I3 = —=3po,0 + 2p2,0 — 3]91,1 +2pp1 <2 3.1231 | 0.272 | 3.1815

Table 5.3: We obtain 44 inequalities in this scenario, among which 18 are trivial. The
rest of the inequalities are reduced to 2 inequivalent classes after employing the fol-
lowing indistinguishability conditions and symmetries.

3
pelx=4y) = 5 (p(zlx =0,y) +pzlx = Ly)) - plzlx = 2,y) — p(z[x = 3,y) V=38)
Py > P1; Py P3; P, < Py, P; +— Py (539)
Mo‘y — M1|]/ Vy, MZ‘O < MZ‘] Vz (540)
Moo —> Moy, Mojp — My, Myjo — My, Myp — M. (5-41)

The symmetry operation M, — M., corresponds to the relabeling of the variables z,y to
z',y' that together Vy, z describes a symmetry of this scenario. In what follows, symmetry
operations separated by {, } are meant to be applied together.
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Scenario 4

Table (5.4) contains the inequivalent NCI for the contextuality scenario defined as fol-

lows:

1 1
X € {0,1,2,3,4},y € {0,1},2 € {0,1} Z (P()+P1 —|—P2—|—P3) ~ g (P0+P1 +P4).

(5.42)
orbit size \ Inequalities ‘ Q? ‘ w? ‘ 0,
4 Po,o + P10 — 3p20 —3p30 <0 0 0 0
8 Po,o + P10 — 3P2,0 + Po1 + p11 —3p31 < 2| 3.1231 | 0.272 | 3.1815
16 P10 —3p20+ P11 —3pa1 < 1 1.7417 [ 0.198 | 1.9168

Table 5.4: We obtain 44 inequalities including 16 trivial ones. The 28 nontrivial NCI
are reduced to 3 inequivalent classes after applying the following indistinguishability
conditions and symmetries.

3 1
pzlx =4 y) = L (p(zlx =2y) + p(zlx =3,y)) — 1 (p(z[x = 0,y) + p(z]x = L y)) Vy,z
(5.43)
Py «— P;; P, +— P3; (54.4)
Mo‘y — M1|y Vy, Mz|0 — Mz‘l Vz (545)
Mojo — My;1 , Moy —> Mypo, Myjo — Myjr, My — M) (5.46)

Scenario 5

The contextuality scenario consisting of six preparations and three binary outcome

measurements is defined as follows:

1 1
x€{0,1,2,3,4,5},y € {0,1,2},z € {0, 1}, (Py+ Pp) ~ 5 (P, 4 P3) ~ 5 (Py+ Ps).

(5.47)

N =

The set of inequivalent NCl is given in Table (5.5), and the qubit strategy that achieves

the maximum quantum violation of 75 is provided in Fig. (5.2).
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orbit size‘ Inequalities ‘ Q? ‘ w? ‘ Q1

24 Poo+ P10 —pPao <1 1 0 1

24 P00 — P20 — P12+ p22 < 1 1.4142 | 0.293 | 1.4142
24 P10 — P40 + Po2 — P42 <1 1.4142 | 0.293 | 1.4142
24 P21 — P41 — Po2 — P12+ P22+ pap <1 1.4142 | 0.293 | 1.4142
192 Is = p2,0 — P40 + P11 — P21 — Pa1 — Po2 + P22+ pap <2 2.5 0.2 |2.6571
192 —Po,0+ P20+ Pao+ P11 — P21 — P12 — P22+ Pap <2 2.5 0.2 |2.6571
192 P10 — P40+ Po1 + P21 — P41 — 2Po2 — P12 T P22+ pap <2 | 25 0.2 | 26571

Table 5.5: Here we obtain 684 inequalities. Among these, 12 are trivial. The remaining
inequalities are reduced to 8 inequivalent classes after applying the following indis-
tinguishability conditions and symmetry transformations.

p(zlx =3,y) = p(zlx = 0,y) + p(z|x = Ly) — p(z|lx = 2,y) Vy,z (5.48)
p(zlx =5,y) = p(zlx = 0,y) + p(zlx = Ly) — p(z]x = 4,y) Vy,z (5.49)
Py > P, Py Ps; Py <— Ps5 (550)

Mo‘y — Ml\y Vy, MZ‘O — Mz\l; Mz‘l — Mz‘Z; MZ‘O — MZ‘Z Vz. (551)

Scenario 6

The contextuality scenario consisting of seven preparations and three measurements

is defined as follows:

1
X € {0,1,2,3,4,5,6},]/ € {0,1,2},2 € {0,1}, (Po + P+ P —{—Pg,) ~ 5 (P4 + Ps +P6) .

(5.52)

N

Table (5.6) presents the collection of inequivalent NCI obtained in this scenario. In
contrast to previous scenarios, qubit strategy in this context did not yield the optimal
results (using the see-saw method). In particular, there is a substantial enhancement
in Qs when considering states and measurements of higher dimensions. We have doc-
umented these values up to d = 4. Notably, for I62 and 7%, we obtain QZ = 14.9711
and Q] = 15.6163, respectively, which are more than Qf given in table (5.6). In Fig.
(5.2), we provide the details of the qubit strategy which violates Z;. Here, we present
the 3-dimensional quantum states and measurements that yield a quantum violation

of I} = 8.7764 > 6:

0.7865 —0.1091 0.3950 0.0004 0.0186 0.0077 0.0004 0.0186 0.0077
Po = | —0.1091 0.0151 —0.0548 ), 01 = | 0.0186 0.8526 0.3540 |, 02 = | 0.0186 0.8526 0.3540 |,
0.3950 —0.0548 0.1983 0.0077 0.3540 0.1470 0.0077 0.3540 0.1470
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03 = 0.2225 0.1268 —0.2474 |04 = | 0.2578 0.5426 0.0428 |, 05 = —0.4028 0.3000 0.2187

0.3904 0.2225 —0.4341 0.1713 0.2578 0.1378 0.5406 —0.4028 —0.2935
—0.4341 —0.2474 0.4828 0.1378 0.0428 0.2860 —0.2935 02187 01593 )’

0.1713 0.2579 0.1378 0.8633 —0.3370 0.0668
Pe = | 0.2579 0.5427 0.0429 |, MO\O = | —0.3370 0.1315 —-0.0261
0.1378 0.0429 0.2860 0.0668 —0.0261 0.0052

0.5859 —0.0485 —0.4902 0.7889 0.3566 0.1984
Mpjp = [ —0.0485 00040 00406 |, My, = | 03566 03976 —0.3351 |. (5.53)
—0.4902 0.0406 0.4101 0.1984 —0.3351 0.8136
Moreover, the following set of 4—dimensional quantum states and measurements

achieve the quantum violation Q; = 15.5037 > 12 of Ig in Tab. (5.6),

0.1537 —0.1618 —0.1204 —0.2990 0.3830 —0.3343 0.0919 0.3408
_ | —0.1618 0.1704 0.1268 0.3148 — | —0.3343 0.2917 —0.0802 —0.2974
PO = | —01204 01268 00943 02342 |/P1 = 0.0919 —0.0802 0.0220 0.0818 |~
—0.2990 0.3148 0.2342 0.5816 0.3408 —0.2974 0.0818 0.3032
0.1411 0.2127 —-0.1319 0.0790 0.1411 0.2127 —-0.1319 0.0790
_ 0.2127 0.4379 —-0.0719 0.0026 _ 0.2127 0.4379 —0.0718 0.0026
P2 = | —01319 —0.0719 02609 —0.2001 |P3 = | —0.1319 —0.0718 0.2609 —0.2001 |’
0.0790 0.0026 —0.2001 0.1601 0.0790 0.0026 —0.2001 0.1601
0.1570 —0.2543 —0.0758 0.2489 0.0102 0.0748 —0.0141 0.0657
__ | —0.2543 0.4119 0.1227 —0.4031 _ 0.0748 0.5477 —0.1035 0.4811
P4 = | —00758 01227 0.0366 —0.1201 |75 = | —0.0141 —0.1035 0.0196 —0.0909 ) 4
0.2489 —0.4031 —0.1201 0.3945 0.0657 0.4811 —0.0909 0.4225
0.4470 0.1266 —0.1294 —0.1646 0.0406 —0.1190 —0.0263 —0.1552
— 0.1266 0.0438 —0.0921 —0.0610 M — | —0.1190 0.3488 0.0772 0.4550
Pe = | —0.1294 —0.0921 04225 0.1478 |- 00 — | —0.0263 0.0772 0.0171 0.1007 |’
—0.1646 —0.0610 0.1478 0.0867 —0.1552 0.4550 0.1007 0.5935
0.1083 0.1665 —0.1530 0.2133 0.3099 —0.3260 0.0207 0.3274
Mni = 0.1665 0.9667 0.0656 —0.0115 M _ | —0.3260 0.3429 —0.0217 —0.3444
0[1 — | —0.1530 0.0656 0.3433 —0.4447 |’ 02 — 0.0207 —0.0217 0.0014 0.0218

0.2133 —0.0115 —0.4447 0.5816 0.3274 —0.3444 0.0218 0.3459
(5.54)

3
pzlx=6,y) =  (p(zlx =0,y) + p(z[x = Ly) + p(z]x = 2,y) + p(z[x = 3,y))
= p(zlx =4,y) — p(z[x = 5y) Vy,z (5.55)

Py «— Py1; Py «— P5; Py «— P3;P) <— Pp; P <— P3; P <— P3; Py <— P5;

Py <— Pg; P5s <— P4 (5.56)

Moy — My, Vy; My <— My My <— Myp; Myjg <— Myp vz, (5.57)
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orbit Inequalities Q? w? Q3 w? ot wi Q1 Q%5
size
4 3p0,0 +3p10 +3p2,0 +3p30 — 4pso —4pso < 4 4 0 4 0 4 0 4 4
864 | Z; = —3p10—3p20 — 3p30 + 4ps0 — 3po1 — 3p14
—3po1 + 4ps1 + 3pos + 3P0 — 4psy < 6 7.6833 | 0.144 | 8.7764 | 0.257 | 8.7764 | 0270 | 9.2621 | 7.6833
864 T2 = —6pon — 3p20 — 3p30 + 4pap + 850
—3po1 — 3p11+4pa1 — 6p12 — 3p22 12 0 |14.4414 | 0.161 | 14.6929 | 0.171 | 169615 | 12
—3p32 +4pap +8pso <12
864 —3p3,0 +4pao — 3po1 — 3p2,1
+4ps1 +3p1p — 4pap <7 89692 | 0.197 | 8.9692 | 0.197 | 9.472 | 0.236 | 10.5888 | 8.9692
288 | —3p1o+ 4pso+3poa + 3pas +3pas — Aps, <9 | 10.8281 | 0.233 | 10.8281 | 0.267 | 10.8281 | 0.277 | 11.1229 | 10.8281
216 I3 = —3p10 — 3p30 + 4ps,0 + 3po2
+wﬁwb — fmmb <6 82462 | 0.272 | 8.2462 | 0.296 | 8.2462 | 0.310 | 8.3631 8.2462
288 —3p0,0 — 3p3,0 +4pso +4pso — 3p11 — 3p21
4ps1 —3p1o— 3pan +4psr < 8 98167 | 0167 | 11 |0272| 11 | 0272 |11.7279 | 9.8167
192 3p1,0 — 4ps0 — 3po,1 — 3p21 — 3p31 +4pa
n_k:umh — wﬁﬁm +f§\m <7 8.6241 | 0.178 | 8.6241 | 0.188 | 9.1366 | 0.221 10 8.6241
192 3p1,0 +3p2,0 +3p3,0 — 4pao — 3p11 — 3p2,1
—3ps1 +4ps1 — 3pos + 4pan + 4psy < 13 142154 | 0.103 | 15.658 | 0.249 | 15.658 | 0.249 | 15.8923 | 14.2154
1728 T3 = —3p10 — 6p2,0 — 6pP3,0 + f&ro +8ps,0
Imtoh — wNﬁL + ES: + mﬁmb — wﬁo\m 12.3578 | 0.024 | 15.1551 | 0.199 | 15.5037 | 0.218 | 17.2706 | 12.3578

—3p22 —3p32 +4pap < 12

Table 5.6: In this case, we obtain 5538 inequalities, among which 38 are trivial. The rest of the 5500 inequalities reduce to 10
inequivalent class as mentioned above. To obtain the inequivalent NCI, we apply the following indistinguishability conditions
and symmetry transformations.

94



Scenario 7

This contextuality scenario involves eight preparations and three measurements, that
is, x € {0,1,2,3,4,5,6,7},y € {0,1,2},z € {0,1}, satisfying the following indistin-

guishability conditions:

(P0-|-P1+P6+P7)N (P2+P3+P4+P5)N (P0+P2+P5+P7)

IS

(Py+P3+Py+P;)~ = (P, +P,+Ps+DPs) (558

~J

(P1+P3+p4+P6)N

N U g
N U NG

1 1
NZ(P0+P3+P5+P6)NZ(P1+P2—|—P4—{—P7).

It is worth noting that the indistinguishability conditions in this scenario are not
entirely independent. Interestingly, this scenario resembles the 3-bit parity oblivious
multiplexing task, which has been previously explored in [183]. In this communica-
tion task, the sender possesses a 3-bit string x = xpx1x; selected uniformly, and the
receiver’s goal is to guess the yth bit of x while adhering to the constraint that all
potential parities of the input bits must remain oblivious in the communication.

We find four inequivalent NCI in this scenario, as detailed in Table 5.7. To achieve
quantum violations of 77, a specific strategy can be employed wherein p, corresponds
to qubit states representing the vertices of the cube on the Bloch sphere shown in Table

(5.7), and the receiver’s measurements are 0y, 0y, 0; for y = 0,1, 2, respectively.

Orbit Size \ Inequalities \ Q? \ w? \ Q1
48 —2poo + P10+ P20+ pap <1 1 0 1
144 —Poo + P20 — Po2+p12 <1 1.4142 [ 0.293 | 1.4142
144 2p00 — P2,0 — 2P40 — Po1 + P11 < 1 1.3371 | 0.183 | 1.3638
48 17 = poo — P10+ Po1 — P41+ po2 — p22 <1 | 1.7321 | 0.423 | 1.7321

Table 5.7: We obtained 384 nontrivial inequalities that are grouped into 4 inequivalent
classes. It turns out that by rearranging the indistinguishability conditions, we can
express the probabilities for four input variables using the other four input variables
in the following manner.

The reduction of probabilities is given by:

p(zlx =3,y) = p(zlx = 1L,y) + p(z|x =2,y) — p(z|x = 0,y) Vy,z (5.59)
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p(zlx =5,y) = p(z|lx = 1L, y) + p(z|x = 4,y) — p(z|x = 0,y) Vy,z (5.60)
p(zlx = 6,y) = p(z|lx =2,y) + p(z|x =4,y) — p(z|x =0,y) Vy,z (5.61)
p(zlx =7y) = p(zlx = Ly) + p(z|x = 2,y) + p(z]x = 4,y) — 2p(z|x = 0,y) Vy,z.  (5.62)

Interestingly, the symmetries possessed by the preparations { Py } exhibit a fascinating connec-
tion to the symmetries of a cube. A cube contains 23 symmetry elements that include centre of
symmetry, plane of symmetry and axis of symmetry. The symmetry operations on the prepa-
rations along with the corresponding cube symmetries that we apply to find the equivalent

NCI are described below.

X6 X4 VA

X X0

X7 X5

X3l X

Py +— Py, Ps P, P » P3, Py <— Ps; (reflection with respect to x-y plane) (5.63)

Py < Py, P;s P, P Ps, Py <— Ps; (reflection with respect to y-z plane) (5.64)

Py <— P7,P3 <— Py, P, <— Ps, P; <— P5; (7 rotation about an axis dissecting

the edges containing x,x¢ and x;x5) (5.65)

Py <— Py, Ps > Py, P> Ps, Py <— Ps; (7t rotation about an axis dissecting

the edges containing x3x7 and xgx4) (5.66)

Py +— Py, P5 < Py, P Ps, P; <— Ps; (inversion between opposite points

about centre of symmetry) (5.67)
Py <— Ps, Py <— P7; (reflection with respect to the diagonal

plane containing xy, x3, X5, X4) (5.68)

Note that there are more symmetries, but the ones listed above are enough to group all
the NCI into the inequivalent classes. The symmetry transformations implemented on the

measurements are given by (5.51).
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Scenario 8

Until this point, we have considered contextuality scenarios involving indistinguishability
conditions on preparations. However, in this particular scenario, we examine eight prepa-
rations, with x € {0,1,2,3,4,5,6,7} adhering to the same conditions as specified in (5.58), and
three binary outcome measurements, y € {0,1,2},z € {0,1}, which satisfy the indistinguisha-
bility condition,

1 1
g{M0\0+M0\1 + Mo} ~ g{M1|o+M1\1 + Mo} (5.69)

The resulting inequivalent NCI can be found in Table (5.8). An important observation here is
that, for all the NCI, Q* = Q; up to machine precision, indicating we have found the exact
maximum quantum violations. Moreover, Qi! = Q;, implying that projective measurements
are sufficient to obtain the maximum quantum violations of all the NCI. A set of qubit states

and measurements yielding the maximal violation of Zg is provided in Fig. (5.2).

Orbit Size ‘ Inequalities ‘ Q? ‘ w? ‘ Q1
48 —4poo +2p10 + 2p2,0 + 2ps0 — 4po1 +2p11 +2p21 +2p41 <3 3 0 3
288 —2po,0 +2p1,0 +2p20 — Pog +2p11 <3 3.3660 | 0.196 | 3.3660
288 5p0,0 —3p1,0 — 2p2,0 — 2p4,0 + 2P0 — 2paq < 1 1.6458 | 0.244 | 1.6458
288 P10 — P20 + P40 +2poa1 < 3 3.3660 | 0.196 | 3.3660
144 —Po,o + P20 — Po1 + pag < 1 1.3660 | 0.268 | 1.3660
144 —4poo + P10+ Pao — 2po1 +2p21 < 1 1.6458 | 0.244 | 1.6458
144 P00 — 3p2,0 — 4po1 +2p11 +2ps1 <1 1.6458 | 0.244 | 1.6458
144 —3poo + P10+ P20 + P40 — 2}?0/1 + p1a+ pa1 < 1 1.3660 | 0.268 | 1.3660
48 Ig = —p10+ pap — 2po1 + P21+ pag <1 1.5 0.333 15
576 P00 — 2p1,0 + P20 —4pos +3p21 +3ps1 <3 3.6889 | 0.256 | 3.6889
576 4poo —4p1,0 — 2pa0 — Spo1 +4p21 +3ps1 <3 3.9210 | 0.235 | 3.9210

Table 5.8: We obtain 2688 nontrivial NCI that reduced to 11 inequivalent classes. For
the preparations, we apply the same indistinguishability relations given by (5.59)-
(5.62) as in Scenario 7. For the measurements, the following relation is imposed.

p(z=0|x,y=2)=3/2—p(z=0|x,y=1) — p(z =0|x,y = 0) Vx. (5.70)

Moreover, we apply the same set of symmetry transformations on both preparations and

measurements, as in scenario 7.
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Scenario 9

Finally, we consider a scenario where the measurements have three possible outcomes, z €
{0,1,2}. The indistinguishability conditions in this scenario, consisting of six preparations

and two measurements, are given by,
1 1 1 1 1
E(PO‘FPl)NE(P2+P3)N§(P4+P5)? §{M0|0+M0\1}N§{M1\0+M1|1}r (5.71)

where x € {0,1,2,3,4,5},y € {0,1}. The set of inequivalent NCI is given in Table (5.9), and
the quantum violation of Z3 for qubit systems is illustrated in Fig. (5.2). For most of the NCI,
where O} < Q2 and the noncontextual bounds are the same as O}!, any quantum violation

certifies nonprojective measurements.

orbit size | Inequalities | 22 [ 2] 9 [9F

6 Pio 205, —pip <1 1 0 2 0
6 —2p —2pY, +2p1, <O 0 0 0 0
6 —2pip —2Pip+2Pip <O 0 0 0 0
8 —2p00 —2P70 +3P30 — 2Ppy — 2P0, + 205, +

2p0 1 +2pbo+2p10 — Pao — 2Pig < 1 1.4536 | 0.312 | 2.8284 | 1
8 —2p0,0 — 2P +3p%0 — 2P0, +2p%, +2p3o — Pig < 1 1.4536 | 0.312 | 2.8284 | 1
16 Ty =pYo+2pY, —2p%, — 2pgo — pig +2p30 < 1 1.4536 | 0.312 | 2.8284 | 1
8 —2p00 — 2P01 — 291 + 231 + 2P — 2pip <O 0.5 02 [08284] 0
16 —2p0 0 — 2170 +3p30 — 2p7 1 + 2P, +2p1y — Pig < 1 1.4536 | 0.312 | 2.8284 | 1
8 —2p0 0 —2pY o+ 2p5, — 2P9, + 2p1 o — 2pi, <O 0.5 02 [08284] 0
4 —2p0 —2p0, — 2pY 1 +2p3, +2p2 — 2p10 <O 0.5 0.2 [0.8284| 0
2 —Pbo — Plo+Pio—Po1 — PlatPay +Poo T Pio—Pro—Pig<0| 025 | 02 [04142]| 0
2 —2p30 —2P51 — 2Pl — 2P1o + 2P50 + 240 <O 0.5 02 [08284] 0

Table 5.9: Here, we opt for the notation p%, = p(z|x,y). We obtain 107 inequalities,
out of which 17 are trivial. The remaining inequalities are reduced to 12 inequivalent
classes that are listed above. In order to identify the equivalent NCI, the following
indistinguishability relations and symmetry transformations are implemented.

p(zlx =3,y) = plz[x =0,y) + p(zlx =Ly) — p(zlx =2,y) Vy,z (5.72)
p(zlx =5y) = pz[x =0,y) + p(zlx =Ly) — p(zlx =4,y) Vy,z (5.73)
p(2lx,y) =1-p(Ox,y) — p(llx,y) Vx,y (5.74)

Py +— Py; P P3; Py <— Ds (5.75)

Py < Py, Py < P3; Py <> Py, Py «— Ps; P, <+ Py, Py «— Ps (5.76)
Py<— P3,Py <— P; Py<— P5,P; «— Py; P, «— P5,P; +— P4 (5.77)
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MZ‘O — MZ|1 Vz. (579)
: :
Mo)
&
P1
Mopa
5
P3, P4 Do
(b): Zz = 3.1231 (from (¢): Zs = 2.5 (from Tab.
Tab. 5.2) Tab. 5.3) 5.5)
Z z
% ! |
M0, P4
Pe
&
p7, Mo2
P1,P3 P3
(d): Ig’ = 8.2462 (from (e): Zg = 1.5 (from Tab. (f): Zo = 1.4536 (from
Tab. 5.6) 5.8) Tab. 5.9)

Figure 5.2: The x-z plane of the Bloch sphere is considered to pinpoint the quantum
states and measurements that yield the maximum violations of some of the NCI, as
determined by the see-saw optimization technique for two-dimensional quantum sys-
tems. The symbols ¢ and x represent the indistinguishable mixed state and the in-
distinguishable measurement effects in the respective scenario. In Figure (5.1(f)), the
length of the Bloch vectors representing Mo and M ; is approximately 0.3689, and
the length of the Bloch vectors representing M; o, My, is approximately 0.674.

Figure (5.2) illustrates the qubit strategies attaining the maximum quantum violations. In
many instances, up to machine precision, the maximal quantum violations have been found
whenever Q? matches with Q;. Of all the NCI, the most resilient one emerges from Scenario 7,
with the critical robustness parameter equal to 0.423. Intriguingly, the best obtained quantum
violations do not always stem from cases where the indistinguishable state is the maximally
mixed state. Scenario 6, which features seven preparations and binary outcomes, represents

the simplest scenario showcasing variations in quantum violations for different dimensional
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quantum systems.

Based on the see-saw optimization, a range of NCI exist, violations of which serve as wit-
nesses of the dimension of the quantum systems. For instance, if a quantum violation of Z}
surpasses 7.6833, then the dimension of the quantum systems must be at least three. More-
over, Scenario 9 provides several NCI whose violations using qubits certify three outcome
non-projective measurements. In fact, non-projective measurements are necessary for achiev-

ing quantum violations of all the NCI in this contextuality scenario.

5.5 Applications of newly found NCI

5.5.1 Quantum advantage in oblivious communication

Oblivious transfer is a crucial task in information theory with myriad applications in cryp-
tography. In [186], the oblivious transfer task has been generalized, and it is shown that any
quantum advantage in such tasks, namely, oblivious communication task, implies preparation
contextuality. Moreover, quantum violations of preparation NClIs in prepare-and-measure sce-
narios directly translate into quantum advantages in oblivious communication tasks. Here,
the oblivious condition is associated with the indistinguishable condition on the preparations,
and the expression of the respective NCI corresponds to the figure of merit of that task. Con-
sequently, any quantum violation of newly discovered preparation NClIs can be interpreted as
a quantum advantage in an oblivious communication task.

In light of our present analysis, it may be worthwhile to mention the following examples.
NCI obtained from the simplest contextuality scenario discussed in Section III serves as the
success metric of the parity oblivious random access codes [183]. Next, an interesting fact
emerges from the discussion after Table (5.2). The optimal classical encoding strategy for the
sender in the oblivious communication task with respect to Z, must be probabilistic for satu-
rating the noncontextual bound 2, and the maximum value of 7, for deterministic encoding
strategies is 1. Further, as already noted earlier, the inequality Z7 can be employed for the 3-bit
parity oblivious multiplexing task [183]. Moreover, the optimal classical encoding strategy for
the sender in the oblivious communication task with respect to Z?2 is bounded by 12, and a

quantum advantage ensues whenever 72 > 12.
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5.5.2 Certification of non-projective measurements

The study by Chaturvedi et al. [170] points out that the maximum value of an NCI can always
be achieved using projective measurement, where no indistinguishability conditions on mea-
surements are imposed. Consequently, certification of non-projective measurements through
the violation of NClIs can only occur with nontrivial indistinguishable conditions on measure-
ments. To accomplish this, it is necessary to establish an upper bound on the expression of
NCIs when measurements are restricted to be projective for arbitrary dimensional quantum
states and measurements. As outlined in [166], the semi-definite hierarchy can be modified
to obtain upper bounds when the measurements are projective. Let us denote these upper
bounds by Q?.

We have implemented this optimization to obtain Q!! in the last two scenarios under con-
sideration, both featuring nontrivial indistinguishability conditions for measurements. Among
these scenarios, it was found that in scenario VIII, Q; is the same Q? for all NCIs, suggesting
this scenario is unable to certify non-projective measurements. However, in scenario IX, the
01! values are lower than Q2 for all NCIs whenever a quantum violation occurs. These pre-
cise values are documented in the final column of Table (5.9). For example, corresponding to
quantum violation of Zy, the lower bound Q2 = 1.453 and the upper bound Q; = 2.828 are
obtained. Further, Q]! = 1, certifying non-projectiveness of the measurements. Notably, the
upper bounds for projective measurement coincide with the noncontextual values for all NCls,
indicating that any violation of these NCIs implies unequivocally that the measurements are

non-projective.

5.5.3 NClIs as dimension witnesses

As a consequence of our extensive investigations, we reveal a noteworthy aspect of the in-
terplay between quantum preparation contextuality and quantum Hilbert space dimension.
Specifically, we implement a novel hierarchy of SDP relaxations. In particular, the novel scheme
employs the scheme described in [166] over the basis generated from the Navascués-Vértesi
method for bounding finite-dimensional quantum correlations and retrieve tight upper bounds

25 = Q2 with level 3 for inequalities in Table (5.6). Moreover, without the operational
equivalences, the dimension restriction fails to yield non-trivial bounds on the inequalities;

the operational equivalences are necessary to witness the Hilbert dimension d > 2 with these

noncontextuality inequalities.
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Notably, the lower bounds obtained from the see-saw for dimension d > 2 violate the up-
per bounds for seven noncontextuality inequalities, thereby forming hitherto unknown non-
trivial dimension witnesses. In particular, we find that seven of ten noncontextuality inequali-
ties in Scenario 6, Table (5.6), double as dimension witnesses for Hilbert space dimension d > 2.
It is worth mentioning that Z2 in Tab.(5.6) is violated by qutrit systems, while qubit states fail

to produce any violation.

5.5.4 Randomness certification

Here we demonstrate that novel instances of quantum contextuality found through our ap-
proach can be used for semi-device-independent quantum randomness certification with op-
erational equivalences. To exemplify this observation, we consider the inequality Z; in Table
(5.7) found in Scenario 7. In particular, We evaluate the extractable randomness in Bob’s out-
put associated with the violation of the noncontextuality inequality Z; € (1,1.7321]. Let us
suppose that the parties decide to extract randomness from Bob’s first measurement y = 0
performed on Alice’s first input x = 0. The certified randomness in this case is gauged min-
entropy H,,i, = —log, p* where p* = max{pop,1 — poo} given the value of Z;. We use the
hierarchy of SDP programs [166] to retrieve upper bounds on p*, which translate to lower
bounds on the H,;;,,.

In FIG. (5.3) we plot the lower bounds on certified randomness H,,;,, obtained from level
3 of the SDP hierarchy against the violation of Z;. We find that non-zero randomness can be
certified in the range Z; € [1.52,1.7321] with maximum 0.34147 coinciding with the maximum
attainable violation Z; = Q? = Q (up to machine precision). We note here that the choice of

x = 0,y = 0 turns out be optimal and equivalentto x =0,y =land x =0,y = 2.
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Figure 5.3: Randomness (H,,;,) as a function of Z; € [1.5,1.7321] from Table (5.7).
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5.6 Summary and Conclusion

The generalized concept of quantum contextuality encompasses both preparation and mea-
surement contextuality. However, the traditional method of deriving facet inequalities from
the associated noncontextual polytope is computationally challenging due to the polynomial
growth in the dimension of the polytope describing the preparations with the number of mea-
surements. We introduced an innovative scheme for constructing a polytope that encompasses
the actual noncontextual polytope while ensuring that the complexity of the method remains
minimal, leading to necessary conditions for noncontextuality represented by the facet in-
equalities resulting from the intersection of the extended polytope with the normalization
polytope (see Fig. (5.1)). In the present work we have provided a detailed description of
our formalism, presenting intricacies of the analysis and explanations of the results obtained.

In particular, here we have comprehensively validated our methodology by applying it to
nine contextuality scenarios comprising four to nine preparations and two to three measure-
ments, leading to a large number of the respective sets of hitherto unexplored inequalities. By
incorporating the effect of noise within this framework, we have obtained the maximum quan-
tum violations of our newly found imequalities utilizing two different SDP techniques. Figure
(5.2) illustrates the qubit strategies attaining the maximum quantum violations. In many in-
stances, up to machine precision, the maximal quantum violations have been found whenever
Q4 matches with Q;. Intriguingly, the best obtained quantum violations do not always stem
from cases where the indistinguishable state is the maximally mixed state. Of all the NCI, the
most resilient one emerges from Scenario 7, with the critical robustness parameter equal to
0.423.

We have discussed a range of information processing applications where violations of our
derived NCI could be employed to obtain quantum advantage of contextuality. For instance,
a set of NCI exist, violations of which serve as witnesses of the dimension of the quantum
systems. Scenario 6, which features seven preparations and binary outcomes, represents the
simplest scenario showcasing variations in quantum violations for different dimensional quan-
tum systems. Moreover, Scenario 9 provides several NCI whose violations using qubits certify
three outcome non-projective measurements. In fact, non-projective measurements are neces-
sary for achieving quantum violations of all the NCI in this contextuality scenario.

It is worth noting that there could potentially be further symmetries present in certain con-

textuality scenarios that haven’t been accounted for during the process of deriving the inequiv-
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alent classes of NCI. These unexplored symmetries might lead to a reduction in the number of
distinct sets of NCI. Further, it’s possible to consider scenarios with more than one set of indis-
tinguishability conditions, each corresponding to convex decompositions of mixed prepara-
tions (or measurements) [166]. Extending our method to cover such scenarios is a straightfor-
ward task that could be explored more thoroughly in future research. Finally, the present work
should motivate exploration of general contextuality scenarios to leverage quantum advantage
in information processing tasks other than the tasks of oblivious comunication, non-projective

measurements, dimension witness and randomness certification, considered herein.
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CHAPTER 6

SHARING QUANTUM NONLOCALITY AND
TELEPORTATION OVER LONG DISTANCE

USING OPTICAL HYBRID STATES

6.1 Introduction

Bell nonlocality [6,196,197] allows two parties to establish correlations that surpass the con-
straints of local hidden variable theories. This fundamental phenomenon underpins several
advanced quantum applications, including secure communication [198-202], enhanced com-
putational methods [203-205], and key foundational studies such as self-testing [206-209] and
device-independent certification [210-214].

Despite extensive theoretical and experimental advancements [215, 216], achieving Bell
nonlocal correlations over long distances in ground-based optical fiber networks [217-226]

remains a significant hurdle. Overcoming these limitations is crucial for the development of a
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reliable and scalable quantum internet [227,228].

Bell nonlocality is primarily studied in two distinct physical systems: discrete-variable (DV)
spin-like systems [215,216] and continuous-variable (CV) optical states with a Gaussian pro-
tile [229-232]. While both DV and CV frameworks present distinct advantages and limita-
tions [233-235], even with advancements in generating weak coherent pulses [236-239], the
search for an optimal system for quantum information processing within a linear-optics-based
telecommunication infrastructure remains an open challenge.

An alternative class of physical systems that combines both DV and CV components—known
as optical hybrid states [240-243]—exhibits comparable intrinsic correlations [244-246] under
both particle- and wave-like measurement scenarios [247]. These hybrid states play a crucial
role in quantum teleportation [248-254], fault-tolerant quantum computation [255-258], and
offer a viable alternative for distributing quantum correlations beyond the conventional DV-
and CV-only approaches [259].

Despite their successful generation across various experimental platforms [251, 260-268],
further investigation is needed to explore their potential in sustaining stronger correlations be-
yond entanglement over long distances.

In this chapter, we explore entanglement-swapping protocols [259,269,270] within the frame-
work of modern quantum architectures [271-274]. Our focus is on utilizing optical hybrid
states as an initial resource to establish discrete-variable (DV) Bell pairs between two dis-
tant laboratories. The proposed scheme relies on entanglement swapping performed on the
continuous-variable (CV) components at an intermediate location between the two laborato-
ries. This effectively doubles the distance between them compared to a direct point-to-point
transmission. This method offers two key advantages: (i) It ultimately generates a DV po-
larization Bell pair, which can be efficiently measured. (ii) Unlike conventional methods, it
eliminates the need for homodyne detection, which suffers from low efficiency at the telecom-
munication wavelength (~ 1550nm).

We further assess the quality of the shared Bell-CHSH correlation in terms of quantum tele-
portation [275] of an unknown qubit that serves as a prototypical quantum information pro-
cessing task facilitating the possibility of distributed quantum computing [276]. Alongside dif-
ferent proposed schemes to witness quantum teleportation with entangled states [277] as well
as noisy channels [278], Bell-CHSH nonlocality plays a significant role in ensuring teleporta-
tion beyond the classical limit [279,280]. Our numerical results that indicate the possibility of
quantum teleportation in fiber optical setups [226,281-285], provides an operational charac-

terization of our proposed scheme representing its efficacy in implementation of Bell-CHSH
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violation over large distances.

We evaluate our scheme under transmission losses with ideal detectors, demonstrating that
optical hybrid states enable long-distance entanglement distribution ( 250 km) with high Bell-
CHSH violation and near-perfect teleportation fidelity. While Bell-CHSH violation decreases
with lab separation and coherent amplitude, the success probability follows a non-monotonic
trend—initially increasing with coherent amplitude due to higher photon transmission but
eventually declining due to greater susceptibility to losses. This leads to an optimal coherent
amplitude (a) maximizing success probability.

To access the impact of detector inefficiency, in presence of transmission losses, we next an-
alyze the Bell-CHSH violation and teleportation of the input qubit with non-ideal detectors.
We observe that the performance drops sharply with decrease of the detection efficiency as
it scales as the square of the detection efficiency. Here, we present corresponding results for
5% and 10% detection inefficiencies for which both the Bell-CHSH violation and teleportation
tidelity drops to ~ 90% and 81% respectively. However, even with the inefficient detectors
one can still achieve a large distance (~ 200 km). These results signify the efficacy of our
scheme for sharing quantum correlation with optical hybrid states in fiber-optics-based archi-
tecture. Moreover, it also advocates the viability of an alternate class of systems in quantum
communication compared to the conventional DV-only and CV-only approaches as observed

earlier [259].

The chapter is organized as follows. In Sec. (6.2) we first describe our protocol for sharing
Bell-type nonlocal correlation between two distant parties. Sec. (6.3) contains mathematical de-
scriptions and analytical results on the success of generating the DV Bell pair, corresponding
Bell-CHSH violation and teleportation of an unknown qubit with the shared state. In Sec. (6.4)
we provide our simulation results on Bell nonlocality and teleportation in presence of trans-
mission losses. In Sec. (6.5) we analyze the effect of inefficient detectors on the Bell nonlocality
and the fidelity of teleportation for the shared DV state. Finally, in Sec. (6.6) we summarized

and conclude this chapter.
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Figure 6.1: Schematic for sharing distant DV Bell-pair using hybrid-optical states. Two
parties, say alice and Bob, send the coherent states {|«),|—a)} to a third party in
the middle, say Charlie. Subsequently, Charlie mixes the incoming signals through
a balanced beam splitter followed by photon measurement by two on-off detectors.
Upon receiving the information about which detectors clicks, Alice and Bob post-select
the overall state to the desired form.

6.2 Protocol

We consider a particular type of hybrid-optical state that represents entanglement between a

polarization states (H/V) and the coherent state (|a)) as [251]

_ 1

[$ho) = 7 (IH,a) + |V, —a)), (6.1)

where H (V) stands for the horizontal (vertical) polarization. For the sake of simplicity, we
have considered real . Our protocol for sharing correlation with the hybrid states (6.1),

schematically shown in Fig. (6.1), proceeds as described below:

¢ Step 1 - channel transmission: Alice and Bob first prepare their individual hybrid-
optical states and send the coherent state signal ({|a), |—«)}) to a third party, say Char-
lie. We consider that the transmission channels (optical fiber) are lossy described by the
transmission coefficient T (0 < T < 1) such that T = 1 corresponds to an ideal loss-
less channel and T = 0 stands for complete loss. For a standard optical cable, channel
transmittance is given by T = 107'L#/10, where L, is the channel length (in km) and
I = 0.2 dB/km is the average photon loss per km. Here we consider a symmetric setup,
i.e., Charlie sits midway between Alice and Bob. As a consequence, for the coherent sig-
nals from Alice and Bob to travel a distance of L, the lab separation becomes L,, = 2L.

One may also consider a more general transmission channel with additional thermal
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noise. However, the loss-only channels closely mimic these general channels as shown

earlier [259].

¢ Step 2 - swapping measurement: Charlie then mixes the two incoming signals in a bal-
anced (50 : 50) beam splitter followed by detection through two single-photon detectors.
The individual detectors at Charlie’s laboratory are described by the measurement set-
ting M = {I1;,I1;}, where IT; = |1) (1] is the projection along the photon-number
state |1) and IT; = 1 —II;. This step is considered successful only if one of the de-
tectors click while the other remain dormant (no-click event). For the sake of simplicity
(without loss of generality) let us consider that the detector on the left (Fig. 6.1) clicks
which correspondss to the measurement operator Mgy = Hlleft ® Hii%ht. To model the
detectors realistically, we also consider that the efficiency of the detectors is given by 79
(0 < 570 < 1) where 779 = 1 represents perfect detector. Once the click event successfully

takes place, Charlie declares it.

¢ Step 3 - sharing final state: After Step 2 completes successfully, Charlie declares which
of the detectors have clicked. Charlie then announces the information, allowing Alice

and Bob to post-select their state.

Let us now define the 4-Bell states in the polarization basis as

[¥5) = = (1H,V) £ |V, H)
|D*) = i(\H,H)i\V,V». (6.2)

2

S

Considering that the detector on the left side (as shown in the Fig. (6.1)) clicks, the final

shared state between Alice and Bob (see Appendix F for further details) is given by

R _ _ R
pin= (1= 3 ) [¥7) (2| + 5 ¥+ (7] ©3)
with probability (D.7)
Pr = Tyoale 2710, (6.4)
CA(1—Tr Va2
where R = % is the overall effective loss factor.
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6.3 Bell-nonlocality and teleportation

In this section, we first analyze the Bell nonlocal character of the shared DV state (6.3) by using
polarization-based measurements. To characterize the operational utility of the shared non-
locality we further analyze an information processing task, to be precise, the teleportation of
an unknown input qubit state. Here, we provide the mathematical expressions for various
quantities related to Bell-CHSH violation as well as derive the fidelity of teleportation of an
unknown polarization qubit state using the shared DV state. It must be noted that for the sake

of generality we consider all the detectors to be imperfect with the efficiency 7o (0 < 79 < 1).

6.3.1 Bell Violation

In the polarization basis ({|H),|V)}), the binary (2-outcome) operator Il = |H) (H| — |V) (V|
yields either of £1 based on the state of the polarization. The influence of noise (D.4) leads to
the noisy binary measurement IT — I1(#0) = 1o (|H) (H| — |V) (V]). Now, a unitary rotation
between the polarization degrees of freedom could be implemented through a polarization-

beam-splitter (PBS) with phase components defined by the unitary matrix

uw,e)( e 1173-9)- (6.5)
N e

This leads to the polarization-rotated-binary-operator (PRBO) as (E.1)

O(y,0) = U(n,0)I1(no)U" (17,6)
- Nhh(nle) |H> <H| + va(ﬂle) |V> <V|
— Nio(7,0) [H) (V]| = Ny, (,0) |V) (H, (6.6)

where Ny, (17,0) = —10(1 —277), Noo(17,8) = 110(1 — 257) and Ny, (17,0) = 2e%30/n(1 — 7).
Taking into consideration the joint binary-outcome measurement, described by

Oal,b] (1,6,,¢) = Oal (7,0) ® Obl (¢, ¢) and its expectation value as £ (1,0, {, $)

= Tr [a,p, Ou oy (1,6,2, ¢)], one can recast the Bell-function as

B=E&(m,¢1)+E&(m, )+ E&(n2,0) —E(n2,01) (6.7)

which implies CHSH Bell non-locality for B > 2 [196]. To obtain the optimal measurement set-
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ting for Bell nonlocality one needs to optimize the Bell-function (B) over the set of {|7|,6,|Z|, ¢}
where 0 < {|y/,[¢|} <1and 0 < {6, ¢} < 2. It should also be noted the optimal setting also
varies with the distance between the laboratories (L,,). We evaluate the Bell function (6.7)

numerically (see Sec. 6.4).

6.3.2 Teleportation of unknown qubit input state

Let us now consider the case of teleporting an unknown input pure-state |¢in) = /p |H) +
/1= pe? |V) using the shared resource (6.3). In the ideal case, Alice’s measurements are given
by the 4 Bell-state projectors (6.2) [Te = [¥*) (¥F| and T3 = |®*) (®*| over the input mode
(we denote it by “in") and mode a;. However, in the presence of inefficient detectors (D.4),
these ideal Bell-state measurements change to I (170) = 73115 and I15(170) = 73115,

For an input pure state |¢i,) and the output mixed state p°*, the fidelity of teleportation
is given by F = Tr (|thin) ($in| p°**). This, given the probabilistic nature of the Bell-state mea-
surements Py /o(10), leads to the average fidelity of teleportation for the chosen measurement

settings as (see Appendix D for further details)

Feas = ZPEE(UO)FEE(WO)I (6-8)
f==

where F£(10) = (in| U piE A( )(Ui>+| in) such that U5 is the suitable unitary operator
¢ U0) = ($in| Uz 0y, (710 ¢ ) [P ¢ y op
to be applied on output state in mode b, i.e., Pi,i(ﬂo)’ corresponding to the operator Hzf(iyo)
Here, we are interested in the fidelity of teleportation averaged over all possible input
states, i.e.,

1 1 27
Fu=5- /0 dp | d0Fimen. (6.9)

Accordingly, the quantum teleportation for the unknown input state can be characterized as

Fay > 2/3. The average fidelity of teleportation with noisy/imperfect detectors can be shown

to be (E.7
0be (E7) —4(1—Tryo)a?
2—R  ,1+e o

5 Un 3 (6.10)

Fay = 77(%

We evaluate the Bell-CHSH violation and quantum teleportation of the input polarization

qubit for the shared DV entangled state in the next section.
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6.4 Teleportation in presence of transmission losses only

We analyze the efficacy of our scheme by considering its robustness against the transmission
losses. To facilitate that, we consider the detector ideal, i.e., 70 = 1. The violation of Bell
inequality (B > 2) and quantum teleportation (F,, > 2/3) are first considered for the case of

perfect detectors, i.e.,
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(c) Average fidelity (Fa.y) of the final shared
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Figure 6.2: Contour plots showing (a) Bell-CHSH violation (B > 2), (b) probability (Pr)
of obtaining the shared DV state, and (c) average fidelity (F,y) of the final shared state,
each plotted against lab separation L,; and coherent amplitude « for perfect detectors

(o =1).

In Fig. 6.2(a) we plot the contour graph for Bell-violation of the shared DV state as a func-
tion of the lab separation (L,,) and the coherent amplitude (x). It may be noted that, for the
sake of simplicity, here we have displayed the results up to a distance (~ 250 km). However,
from Fig. 6.2(a) it is evident that our hybrid-optical state-based scheme can asymptotically

lead to much larger distances. The amount of Bell-CHSH violation drops with an increase in
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both the lab separation (L,;) and the coherent amplitude («).

In Fig. 6.2(b) we plot the contour graph for the probability of generating the DV state with
L,y and a. It may be noted that the success probability (6.4) manifests a non-monotonic char-
acter [259]. For a fixed lab separation, the probability of sharing the DV entangled pair first
increases and then drops with increase in the coherent amplitude («). This could be under-
stood in terms of the interplay between the probability of successful detection and the loss-
robustness of the transmitted signal. As the « increases, it enhances the chances of non-zero
photon being detected by the click event after passing through lossy optical fiber. On the other
hand, an increase in « also increases the mean photon number of the signal, which, in turn,
makes it more vulnerable to transmission losses. Our results indicate that teleportation could
be implemented up to a distance of ~ 50 — 80 Kms with a ~ 10 % success probability for
intermediate values of the coherent amplitude («).

Itis evident from Figs. 6.2(a) and 6.2(b) that for a fixed lab separation (L), with an increase
in «, Bell-violation drops while the probability of generating the state increases. This could be
understood as follows. For a very small a (~ 0.1), the shared DV-state provides an almost Bell
state p ~ |¥~) (¥~ |; however, its probability is negligible, i.e., Pr — 10~%. On the other hand,
for a relatively large value of a (2 1) the shared state is considerably away from an ideal Bell
state (|¥ 7)) and thus manifests a small violation; however, its probability increases by 2 — 3
order of magnitude with Pr ~ 10! — 1072, This indicates from a practical perspective that
one needs to find an optimal choice of &, given the physical context.

In Fig. 6.2(c) we elaborate on our results on the fidelity of teleportation of a polarization
qubit (F.y) against the total transmission distance (L,;) and coherent amplitude («). Similar
to the case of Bell-CHSH violation, here also we observe that in the absence of any detection
inefficiency;, it is possible to perform quantum teleportation over long distances with standard
optical fibers. However, the parameter region for quantum teleportation is smaller than that for
Bell-CHSH violation. This could be attributed to the fact that Bell non-locality is not sufficient

to ensure the success of quantum teleportation [279,280].

6.5 Effect of detection inefficiency

We now analyze the effect of inefficient detectors on the Bell non-locality and the fidelity of
teleportation for the shared DV state. We elaborate on our results on the Bell-CHSH violation
(B > 2) and average fidelity (F.y > 2/3) in Figs. (6.3) and (6.4) with 95% (10 = 0.95) and 90%

(70 = 0.9) detection efficiencies, respectively, in the presence of transmission losses.
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Figure 6.3: Contour plots of (a) Bell-CHSH violation (B > 2) and (b) average fidelity

of teleportation (F,y > 2/3), as functions of lab separation L,, and coherent amplitude
«, assuming 5% detection inefficiency (179 = 0.95).

As it is evident from the Figs. (6.3) and (6.4), the maximum Bell-CHSH violation as well
as the highest fidelity of teleportation get significantly reduced as the detection efficiency de-
creases. The sharp drop in the performance of both noisy Bell-measurement (6.6) and fidelity
of teleportation (6.10) is a reflection of the nonlinear nature of their dependence on the de-
tector efficiency. However, it may be noted that our scheme allows us to achieve a distance
(~ 200 km) between the laboratories in the presence of both transmission losses and inefficient

detectors for measurable Bell-CHSH violation and teleportation fidelity of an unknown qubit.

114



22 —— 08 ——
i 21 - L 0.75
175 2,01 oo 175 0.7 --oor
150 |- 150 |-
— 125 — 125
£
=< 100 |- = 100 -
o B o) . H
@ ' «© ! 3
- 75 - | - 75 - \
50 - R 50 '
o5 L \\\\ 25 \'\\\\\
I \\‘;"\‘--‘-\7-’.—“—"?:1 I ~;‘f"*»>»—\.-:':f':
02 03 0.4 05 02 03 0.4 05
o o
(a) Bell-CHSH violation (b) Average fidelity

Figure 6.4: Contour plots of (a) Bell-CHSH violation (B > 2) and (b) average fidelity
of teleportation (F,y > 2/3), as functions of lab separation L,, and coherent amplitude
«, assuming 10% detection inefficiency (179 = 0.90).

6.6 Summary and Conclusion

In this chapter, we have analyzed the efficacy of the hybrid-optical states in generating a
polarization-entangled DV state sharing Bell-CHSH correlation within the telecommunication
architecture. By combining the respective advantages of both the DV and the CV systems,
we have shown that the hybrid-optical states enable Bell-CHSH violation over a large dis-
tance—a major obstacle in fiber-optics based quantum communication [217-226]. While our
numerical results indicate the feasibility of achieving high Bell-CHSH violation that results in
near-perfect teleportation of unknown qubits over a distance of (~ 250 km), the performance
of both Bell-CHSH violation as well as the fidelity of teleportation is limited by the detector
inefficiencies. Nonetheless, we have presented the case that indicates the possibility of achiev-
ing non-vanishing Bell-CHSH violation as well as quantum teleportation over ~ 200 km of lab
separation under lossy transmission and 10% detection error.

It may be noted that the issue of phase randomization of the transmitted signal inher-
ent to the hybrid-optical state-based scheme can be taken care of by using a proper phase-
locking mechanism [286] or by using tailored algorithms that do not require any phase-locking
[287]. Moreover, the deterministic generation of the hybrid-optical states with high purity
at 780nm to 1064nm wavelength band [263-265] makes our analysis more practically feasi-
ble when combined with technologies like frequency conversion to telecommunication wave-
length (~ 1550nm) [226] as well as time-bin encoding [266]. It may be also noted that in the
case of atom-light based setups [226], performance of Bell-CHSH violation as well as telepor-

tation with the shared DV state would be further interesting to explore since the atomic states
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could measured with higher efficiencies.

In view of previous results on sharing Bell nonlocal correlations [219, 220, 222, 223, 225],
our analysis indicates the possibility of significant improvement in enhancing the lab separa-
tion to more than an intercity distance. Moreover, our analysis also indicates the possibility
of considerably enhancing the distance over which faithful quantum teleportation could be
achieved [226]. Besides enhancing the distance between the labs, the hybrid-optical setup fur-
ther provides a unique platform that enables quantum communication protocols beyond the
paradigm of weak coherent pulse [288,289] as well as avoids inefficient homodyne measure-
ments typically used for CV systems [290,291].

Our results on the viability of achieving Bell-CHSH violation with hybrid states over in-
tercity distances further bolster the promise of an alternate platform for quantum informa-
tion processing compared to DV-only and CV-only approaches, as advocated through similar
results on entanglement distribution [259, 269, 270]. One may also consider a loophole-free
model for the hybrid-optical-state based schemes leading to device-independent quantum key
distribution [198-202]. In view of these, we believe that our results on sharing Bell-CHSH
non-locality over long distances using hybrid states could be useful for practical quantum in-
formation processing [292], memoryless quantum communication [293], as well as in studies

with foundational interest [294].
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CHAPTER

CONCLUSIONS & FUTURE DIRECTIONS

This chapter summarises numerous key aspects of quantum communications discussed in this
dissertation, along with inferences on potential future developments. As previously men-
tioned in the introduction, entanglement and other quantum correlations are shown to be
valuable resources in several information-theoretic tasks that are not achievable in classical
theory. This thesis presents many information-theoretical challenges in the realm of quantum
communications. We demonstrated DI-QKD using random quantum states, long-distance tele-
portation employing hybrid entangled states and discussed the origin of quantum advantage
associated with RAC. Apart from these, in this dissertation, we present many applications of
generalised quantum contextuality by deriving several novel nontrivial noncontextuality in-

equalities.

In Chapter 3, we establish that any nonzero quantum advantage in an random access code
(RAC) with shared randomness necessarily entails a violation of the noninvasive-realist model.
To formalize this connection, we derive temporal inequalities for each n — 1 RAC based on

the assumptions of realism and noninvasive measurability, demonstrating that the maximum
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success probability achievable through optimal classical strategies is inherently constrained by
the noninvasive-realist bound. Furthermore, we show that any nonzero quantum advantage
in an RAC can serve as a witness for genuine randomness, a property absent in previously
proposed RAC-based protocols. However, determining the maximum quantum success prob-
ability for a general n — 1 RAC becomes computationally challenging for large values of n,
necessitating numerical techniques. Finally, we emphasize the experimental feasibility of our
proposed protocol, which leverages Leggett-Garg inequality (LGI) violation, thereby offering
a robust and practical approach for generating genuine randomness without entanglement.

In Chapter 4, we investigate the secure key rate of randomly generated two-qubit states
across all four ranks in entanglement-based quantum key distribution (QKD). Our analysis is
based on extensive numerical simulations, considering 10° states for each rank. Initially, we
quantify the fraction of states within each rank that exhibit Bell nonlocality and those capable
of generating a positive secure key rate in device-independent QKD (DI-QKD) under both
general and optimal collective attacks by an eavesdropper. Our findings reveal a fundamental
trend: as the rank of the states increases, both Bell nonlocality and the minimum secure key
rate decreases under both attack scenarios, which is a fundamental feature of such randomly
generated states.

Furthermore, our study indicates that when the rank of the states increases, the decrease in
the secure key rate is more significant than the diminution in Bell-CHSH violation. Moreover,
the fraction of states possessing quantum resources, such as entanglement and Bell nonlocality,
decreases at a slower rate compared to the fraction of states capable of generating a positive
secure key rate. While quantum resourcefulness is a necessary condition for secure key gener-
ation. The process of generating a secure key imposes more stringent requirements, resulting
in a significantly lower number of states that can achieve a positive key rate compared to those
that exhibit quantum correlations.

Additionally, we observe that states with the same magnitude of entanglement can yield
different secure key rates, emphasizing that entanglement alone does not determine the key
rate. We establish upper and lower bounds for the minimum secure key rate of all two-qubit
mixed states, demonstrating that it is upper bounded by the key rate of a pure state and lower
bounded by the key rate of a Werner state with the same negativity. This holds for both general
and optimal collective attack strategies, providing crucial insights into the interplay between
entanglement, nonlocality, and security in DI-QKD.

In Chapter 5, the conventional method of extracting facet inequalities from the pertinent

noncontextual polytope is computationally demanding due to the polynomial growth in the
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dimension of the polytope describing the preparations with the number of measurements. In
this work, we introduce an innovative approach for constructing a polytope that encompasses
the actual noncontextual polytope while ensuring that the complexity of the method remains
minimal. The facet inequalities resulting from the intersection of our extended polytope with
the normalization polytope constitute necessary conditions for noncontextuality. Our formal-
ism is applicable to any general contextuality scenario with an arbitrarily large number of
preparation and measurement indistinguishability conditions and demonstrates how quan-
tum advantage of contextuality could be revealed from a given scenario in a computationally
efficient manner.

We demonstrate the efficacy of our proposed method by applying it here to several exam-
ples of contextuality scenarios. Consequently, we retrieve a large number of novel NClIs, viola-
tions of which serve as sufficient conditions for demonstrating quantum contextuality in these
scenarios. We employ two semi-definite programming techniques for retrieving the lower and
upper bounds, respectively, on the maximum quantum violations of the NCI. We further study
the robustness of the quantum violations against noise. Our investigation uncovers hitherto
unexplored non-trivial noncontextuality inequalities and reveals intriguing aspects of quan-
tum contextual correlations, including applications in information processing tasks such as
oblivious communication, dimension witness, certification of non-projective measurements,
and randomness generation.

In Chapter 6, we explore the use of optical hybrid states to generate a polarization-entangled
DV state exhibiting Bell-CHSH correlations within telecommunication systems. By combining
the benefits of DV and CV systems, we show that hybrid states enable Bell-CHSH violation
over long distances, addressing a major challenge in fiber-optic-based quantum communica-
tion. Our simulations demonstrate the feasibility of Bell-CHSH violation and near-perfect tele-
portation over ~ 250 km, although performance is limited by detector inefficiencies. Despite
this, we show that quantum teleportation over ~ 200 km is possible even under 10% detec-
tion error and lossy transmission. This setup offers a unique platform for enhancing quantum
communication protocols and bypassing inefficiencies in typical CV systems. Overall, our re-
sults suggest that long-distance Bell-CHSH nonlocality using hybrid states could significantly

impact quantum information processing and memoryless quantum communication.

The research conducted in this thesis gives rise to several open questions that merit further

investigation in future studies:
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In Chapter 3, We demonstrated that any nonzero quantum advantage in a random access
code (RAC) with shared randomness inherently leads to a violation of the noninvasive-realist
model. However, this present study result is based on a qubit system. Extending this analysis
to qudit systems remains an avenue for future research.

In Chapter 4, We establish that the minimum secure key rate for all two-qubit mixed states
is constrained between an upper bound given by the key rate of a pure state and a lower bound
determined by the key rate of a Werner state with the same entanglement, quantified by neg-
ativity, under both optimal and general collective attack strategies. It might also be interesting
to study in future the effect of statistical fluctuations in the number of randomly generated
states on the above bounds.

Our present study is based on certain quantum resources, like entanglement and Bell nonlo-
cality. However, a steering-based study might be interesting for future research, as it could be
useful for semi-device-independent quantum communication tasks.

In Chapter 5, our present study has focused on sets of indistinguishability conditions re-
garding preparations and measurements, respectively, to render them indistinguishable from
each other. It is possible to consider scenarios with more than one set of indistinguishabil-
ity conditions for a given scenario, each corresponding to convex decompositions of mixed
preparations or measurements. Extending our method to cover such scenarios could be ex-
plored more thoroughly in future research. The inherently contextual nature of quantum the-
ory offers several distinct advantages in cryptographic and computational tasks. Our present
analysis should motivate future endeavours to leverage newfound instances of quantum con-
textuality for a wide range of information theoretic applications.

In Chapter 6, our results on the viability of achieving Bell-CHSH violation with hybrid
states over intercity distances further bolster the promise of an alternate platform for quantum
information processing compared to DV-only and CV-only approaches, as advocated through
similar results on entanglement distribution.

One may also consider a loophole-free model for optical-hybrid-state-based schemes leading
to device-independent quantum key distribution for future research. In view of these, we
believe that our results on sharing Bell-CHSH nonlocality over long distances using hybrid
states could be useful for practical quantum information processing and memoryless quantum

communication as well as in studies with foundational interest.
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APPENDIX .q

DERIVATION OF THE CLASSICAL BOUND
FOR THE TEMPORAL INEQUALITY USING

MACROREALISM

A.1 Ontic model of 2 — 1 RAC

The average of a quantum operator in the Heisenberg picture can be written as an average
over a set of hidden variables A. The role of the initial state p(A) is to provide a probability
distribution on the set of hidden variables, called the ontic state. The average of an observable

A (measurement carried out at time t can be written as)

(A}) = / AAA(M)p(A) (A1)

where A;(A) is the value taken by the observable on the hidden variable A. The correlation

between two observables A;; (measured at some time £;), B;; (measured at some later time ;)
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is given by
(A1By) = [ dAAL(A)B(V)p(A | Ay) (A2)

In general, we can always ignore the effect of final measurement due to noninvasive measur-
ability (NIM). NIM can be defined as p(A | Ay, B, ... ) = p(A), i.e., a measurement does not
change the distribution of A. In Eq.(A.2), p(A) not depends on observable B, due to observable
By, being measured after the measurement of observable Ay,.

Let us take Alice’s preparations to be eigenstates of observables { A1, A} and Bob’s mea-
surements to be { By, B, }. Let, measurement A be carried out at some time ¢;, and measurement
B be carried out at some later time ¢;. Now, imposing the conditions of realism and NIM, we

obtain

(A1B1) + (A2B1) = [ dA[A1(A)B1(A)p(A | A1) + A2(A)Br(A)p(A | A2)

= /d/\Al(/\)Bl(/\) [1F A2(A)Ba(M)]o(A | A1) + /dAAz(A)Bl(A) [1+ A1(A)B2(A)]p(A | Az).
Taking the modulus on both sides and using the triangle inequality we obtain,
[(A1B) + (A2B)| < 22 [ [ dAA(V)B2(V)p(A | A1) = [ dAAL(A)Bo(M)p(A | A).
Now invoking NIM, we have,

|[(A1B1) + (A2B1)| F [(A1B2) — (A2B2)] < 2.

This is the four term Leggett-Garg inequality.

A.2 Ontic model of 3 +— 1 RAC

Let us take Alice’s preparations to be eigenstates of {A1, Az, A3, A4} and Bob’s measurements
to be {By, By, B3}. Now, following similar steps as in the derivation of the Bell inequality, we

obtain the sum of four correlations,

<A1B1> + <A4B1> + <A2B1> + <A3B1> = /d/\[Al ()\)Bl ()\)p()\ | Al) + A4(A)B1 (A)p(/\ | A4)+
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A2(A)Bi(A)p(A | A2) + A3(A)Bi(A)p(A | A3)]

= /d/\Al(/\)Bl (M1 F A4(A)(B2(A) + B3(A))]p(A | A1)
+ /dAA4(A)B1(A)[1 + A1(A)(B2(A) + B3(A))]o(A | As)
+ /dAAz(A)Bl(A)[l F A3(A)(B2(A) — B3(A))]p(A | Az)

+ [ dAAs(V)ByA)[1 £ Ax(A) (B2(A) — B3 () ]p(A | As) (A4)
Now, we take the modulus of both sides and use the triangle inequality to obtain,

[(A1B1) + (A4B1) + (A2B1) + (A3Br)| <4+ [/ dAA1(A)(B2(A) 4 B3(A))p(A | A1)
— /dAA4(A)(B2(A) + B3(A))p(A | Ag) + /dAAz(A)(Bz(/\) —B3(A))p(A | Az)

- / dAA3(A)(Ba(A) — Bs(A)p(A | As)]. (A.5)
Invoking NIM, we have,

|(A1B1) + (A4B1) + (A2B1) + (A3B1)| F [(A1(B2 + B3)) — (A4(B2 + B3)) + (A2(B2 — B3))
— (A3(By — B3)] < 4.

Ks <4 (A.6)

A.3 Ontic model of 4 — 1 RAC

Similarly, for 4 — 1 RAC, here Alice has 8 preparations to be eigenstates of {A1, Ay, ..., Ag}
and Bob has 4 measurements to be {Bj, By, B3, B4 }. Now using a similar procedure presented

for deriving the classical bound corresponding to 2 — 1 RAC, we can obtain

(A1By) + (AsBy) + (A1Bs) + (AsBs) + (AsBy) + (AgBy) + (AsBy) + (A7By) + (AyBy)
+ (AgBy) + (AsB3) + (A¢B3) — (A4B3) — (A7Bs) — (AgBs) — (A3B3)

= / dA[A1(A)B1(A)p(A | A1) + As(A)Bi(A)p(A | As)+

A1(A)B3(A)p(A | A1) + A2(A)B3(A)p(A | Az) + Az(A)B1(A)p(A | A2) + As(A)B1(A)p(A | Ag)+
As(A)B1(A)p(A | As) + A7(A)Bi(A)p(A | A7) + Ay(A)B1(A)p(A | Ag) + Asg(A)Br(A)p(A | Ag)+
As(A)B3(A)p(A | As) + As(A)B3(A)p(A | Ag) — As(A)B3(A)p(A | Ag) — A7(A)Bs(A)p(A | A7)—
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As(V)Bs(Mp(A | As) — As(A)Bs(A)]p(A | As)
= [ M4 Q)BIA)LF A5(N)B2(V)]p(A | A)

+/dAA5(A)B1(A)[1 + A1(A)B2(A)]p(A | As) + /d/\Al(/\)Bg(/\)[l F A2(A)Ba(A)]p(A | A1)
+ [ dAA2(V)Ba(V)[1 £ AL (A)B(W]p(A | A2) + [ dAAL(A)BL (W)L F Ae(V)B2(V)]p(2 | A2)
+ [ dAAMBI VL& A2(MB2(W]p(A| Ae) + [ dAAS(V)BIA)[LF A7(M)B2(V)]p(2 | As)
+/dAA7(A)Bl(A)[1 + A3(A)Ba2(A)]p(A | A7) + /d/\A4(/\)Bl(/\)[1 F As(A)Ba(A)]p(A | Ag)
+ [ drAsBI N1 E As(NB(N]p(A| As) + [ dAAS(V)Bs(A)[1F As(V)Ba(M)]p(2 | As)
+ [ drAe(MBs (V1 & As(VBsW]p(A| Ae) — [ dAAL(V)B ()L F A7(A)Ba(M)]p(2 | Ag)
— [ @A (W) Bs(A)[1 £ AV)BW]p(A | A7) = [ dAAS(A)Bs(V)[1F As(A)Ba(A)]p(A | As)

~ [drAs(V)Bs ()1 % As(VBs(W]p(A | A3) (A7)
Taking the modulus on both sides and using the triangle inequality we obtain,

|(A1B1) + (AsBq) + (A1B3) + (A2B3) + (A2B1) + (AeB1) + (AsB1) + (A7B1) + (A4Bq)

+ (AsBy) + (AsBs) + (AgBs) — (A4Bs) — (A7Bs) — (AsBs) — (AsBs)|

<8+ [/ dAA1(A)Ba(A)p(A | Ay) — /d/\A5(/\)B2(/\)p(A | As) +/d/\A1(/\)B4(/\)p(A | A7)
- /dAAz(A)B4(A)p(/\ | A) + /d/\Az(/\)Bz(/\)p(A | Ag) — /d/\Aé(/\)Bz(/\)p(A | Ag)

+ /dAAg,(A)Bz(A)p(/\ | As) — /d/\Ay(/\)Bz(/\)p(/\ | A7)+ /d/\A4(/\)B2(/\)p(A | Ay)
—/¢mdm&mmm\myﬁﬂm&MWMMMMAQ-/MA&WMMMMA@

+ / AAA7(A\)Bs(A)p(A | Ag) — / AAAL(MN)Bs(M)p(A | A7) + / dAA3(A)Bs(A)p(A | As)

- / AAAs(A)Bs(M)p(A | As)]. (A8)
Invoking NIM, we have,

|(A1B1) + (AsB1) + (A1B3) + (A2B3) + (A2B1) + (AeB1) + (A3B1) + (A7Bq)

+ (A4B1) + (AgB1) + (AsB3) + (AgBs) — (A4B3) — (A7B3) — (AgBs) — (A3B3)]
F [(A1By) — (AsBy) + (A1By) — (A2B4) + (A2By) — (AeB2) + (A3By)

— (A7B2) + (A4By) — (AgBy) + (AsBa) — (ABa) — (AsaBs) + (A7By)

— (AgB4) + (A3Bs)] <8.
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or,

Kis1 <8. (A9)

A.4 Ontic model of 7 — 1 RAC

Here Alice has 2"~! preparations which are the eigenstates corresponding to { A1, Ay, ..., Apn 1}

and Bob has n measurements, { By, By, B3, ..., B, }. Following Eq.(3.37) the term K, can be

explicitly written as,

Kus1 = (A1B1) + (A1Ba) + (A1B3) + (A1Bs) + - - - + (A1By) + (A2B1) + (A2Ba)+
(A3B3) + (A2By) — (A2B,) + (A3By) + (A3Bo) + (A3Bs) + (A3By) + (A3By) + -+ - +
(Api1t 1B1) — (Api1 1B2) — (Apir 1B3) — -+ + (Ap1_1Bp) + (Agw1B1) — (Api1Bo)

— (Agw1B3) — -+ — (Ap1By_3) — (Apu1Bp_1) — (A 1By). (A.10)

Now, we can obtain the classical bound for n — 1 RAC if we adopt a similar procedure as
presented for deriving the classical bound corresponding to 2 — 1 RAC. Let us now derive the

classical bound explicitly when 7 is even.

(A1B1) + (A1B3) + - - -+ (A2B1) + (A2B3) + - - - + (A3B1) + (A3B3) + -+ - + (Ap-1_1B1)

— (Agi1_1B3) — -+ (Ap1B1) — (Apu1B3) — -+ — (Ap1By_3) — (Apu1Bp_1)

= /d/\[Al(/\)Bl(/\)P(A | A1) + A1(A)Bs(A)p(A | A1) + -+ + A2(A)Bi(A)p(A | Az)

+ A2(A)Bs(A)p(A | A2) + -+ + A3(A)B1(A)p(A | As) + A3(A)B3(A)p(A | Az)

oot Ager 1 (AM)BIA)PA | Aprr 1) — Agir 1 (A)Bs(A)p(A | Apir 1) — -+

Agr 1(M)Br(A)p(A | Agit) — Agr 1(M)Bs(A)p(A | Agut) — -+ — Apu1(A)By_3(A)p(A | Agi i)
— Ap 1 (M)Buot(Mp(A | Agi)]

= [ A NBN1F Ay VB (WA | Aper)

+ [ B A OBINF Ayer s (VB | Agr )

+ [ A (VB A (W LF Ax(A)B(V]p(A| A1)+ [ dAA2(V)Bur (D1 % A1 (DB, (V)]p(2 | A2)
et / AN Ayt 1(A)B1(A)[1 £ Ay(A)Ba(A)]p(A | At 1)

+ / AAAgu1 (A)B1(A)[1 4 A1 (A)Bo(A)]p(A | Agut) + ...

— [ @2 Ays (VDB DLF A VBs(V)]p(A | Ay )
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- / A Ay s (M) Byt (M1 % Ages 1 (A)Ba(M)]p(A | Ager)

(A.11)
Taking the modulus on both sides and using the triangle inequality we obtain,

|(A1B1) + (A1B3) + -+ - + (A2B1) + (A2B3) + - - - + (A3B1) + (A3B3) + - - - + (Ap-1_1B1)
—(Ap1_1B3) — -+ (Ap-1B1) — (Apu1B3) — -+ — (Agu1By3) — (Agw1B,_q)| <21

+ [/ dAAL(A)Ba(M)p(A | Ay) + /d/\Az(/\)Bz(/\)p(A | Ag)+-- + /dAAl(A)Bn(A)p(/\ | AY)
- /dAAz(A)Bn(/\)p(A | Ag) 4 — /dAAzn,l,l(A)Bz(A)p(A | Ag1 5)

- / A Ayt (A)Ba(A)o(A | Aget) — - — / A A1 (AN)Br(A)p(A | Ager_y)

- / A A+ (M) Bp(A)p(A | Ager )] (A12)
Invoking NIM, we have,

|(A1B1) + (A1B3) + - -+ (A2B1) + (A2B3) + - - - + (A3By) + (A3B3) + - - - + (Azu-1_1By)
— (Ap11B3) — -+ (Agi1B1) — (Ap1Bs) — (Api1By—3) — (Api1Byoi)|
F [(A1By) + (A1By) + - -+ (A1By) — (A2B2) + (A2By) + - - - — (A2By) + (A3By)
+ (A3By) + -+ (A3By) + - — (Agu1_1Ba) — -+ + (Agn-1_1Bn) — (Apu-1B)
e (AyB <2
or,

K <271 (A.13)

Similarly, one can also obtain the same classical bound for K, ,; when n is odd.
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APPENDIX @

DERIVATION OF MINIMUM SECURE KEY
RATE IN DI-QKD

e General rank-2 state:

The matrix form of general rank-2 state (4.21) is as follows:

a2 (p1 (a% — b%) + b?) aa®b (2p1 — 1) ap (apra’ —b(p1 —1)b) ap (b(pr—1)a' +apb')
, aa®b (2p1 — 1) o? (p1 (b* — a?) + a?) af (p1 (ba' +ab') —ab') apB ((a—ap1)a +bpib')
P wplapd —bp DY) ap e ) —ar) B (pr (@) - ) + 0 B2 (2p1 — 1) 't/
aB (b (pr—1) ' +apit') ap((a—apy)a’ +bpid) B2 (2p1 — 1) a¥/ B (pr (0 = (p1 = 1) (@)?)
(B.1)

Next, we compute the eigenvalues of the correlation matrix (T) of the general rank-2 state. The
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matrix elements of the correlation matrix are t;; = Tr[(c; ® O'j).p%]. The correlation matrix is:

2aB (2p1 — 1) (ba' +ab’) 0 20 (2p1 — 1) (aa’ — bb')
0 20B (ba’ —ab’) 0
2(2p1—1) (an®b — p2a’t’) 0 (2p1—1) (0‘2 (= 1?) — B2 (a)* + B (b')2>
(B.2)
The eigenvalues of the correlation matrix (B.2) are:
)L1 = y
Yo = S (1= 2p) [ — @) + B (a® ~ 0?) —
+ \/(2abuc2 —y+ B2(1—2a'b") — z)(B?(1 4 2a'b’) — 2aba? — y + z)}
A3 = %(1 —2p1) [az(bz _ az) —1—52((1’2 —v?) —y
— \/(Zaboc2 —y+ p2(1—2a'b") —z)(B?(1 4 2a'b") — 2aba® — y + z)} (B.3)

where, y = 2aB(abl —a'b), y = 2ap(a’b+ ab’) and z = 2aB(a’'a — bb’). We determine the
quantum bit error rate (QBER) in DI-QKD using Eq.(4.7) for the case (ab’ = a'b).

QBER = (2 — [A2] = [A3])

NN R

2 1(1=2p1) (@2 (1? — a®) + B (a2 = b2) - )| (B.4)

The #smin (p%) under optimal symmetric collective attacks(OSCA), is calculated using Eq.(4.14)

(B.5)
Substituting p; in terms of N using Eq.(4.24) for the case (ab’ = a'b), we get

Fomin(03) :2101gZ llog4 +log (2 (1 2N)((1? — @)a® — dbapa + F2(a” ~ 1))

(2— (1 —=2N)((b* — a®)a® — 4baBa’ + B*(a”* — 1"?)))
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+log (1 2+ (1 — 2N)((b? — a?)a® — dbapa’ + B*(a” — b/Z))))

(24 (1 —2N)((b* — a®)a® — 4baBa’ + B*(a” — b’z)))] (B.6)

Similarly for the case of collective attacks(CA), using Eq.(4.7) and Eq.(4.13) we obtain the

"Cmin(0p) in terms of negativity N,

Temin) = TogT6 [ —2log 16+ (2 — Q) log(2 — Q) + (24 Q) log(2 + Q)

+2(1+VA—-1)log(l+vA—-1)+2(1—-VA—1)log(l—vA—-1) (B.7)

Where, QO = (1 —2N)((b* — a?)a® — 4bapa’ + p*(a’> — b'?)),
A =2(1—-2N)? ((Zubtx + B2 + 2aBbb’ — 24’ (anp + B2b'))(—2aba® + B* — 2bb'aB + 24’ (aap +

b'B%)) + (b — a®)a + ((a)? — (b’)z)ZﬁZ))) :

We vary the state parameters in the step size of 0.01 to numerically determine the minimum
secure key rate as function of the negativity (N).

e General pure state:

The matrix form of a general pure state (4.20) is as follows:

cos? % 00 Silz‘e
0 00 0
0p = (B.8)
0 0 0 0
sir219 0 0 sin? %
The correlation matrix t;; = Tr[(0; ® 07).0p] is
sin 6 0 0
0 —sinf O (B.9)
0 0 1

We obtain rgmm(pp) under optimal symmetric collective attacks(OSCA), for the pure state

using Eq.(4.7) and Eq.(4.14) in terms of negativity N,

—log64 + (1 —2N)log(1l —2N) + (3+2N)log(3 + 2N)
log 4

"Smin(p,) = (B.10)

For the case of collective attacks(CA), using Eq.(4.7) and Eq.(4.13) we obtain the cmin(pp)
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in terms of negativity N,

TCmin(p,) :log716 —8log2+ (3+2N)log(3+2N) + (3—6N)log(1 —2N)

+ (2 +4N)log(1 + 2N) (B.11)

e Werner state:

The matrix form of the Werner state (4.26) is as follows:

1+
5 0 0
o %2 o0 o
P = - (B.12)
0 0 2 o
1+
50 0 P
For the Werner state, the correlation matrix are t;; = Tr[(c; ® 0}).01] is:
p 0 O
0 —p 0 (B.13)
0 0 p

We obtain rgmin(0w) under optimal symmetric collective attacks(OSCA), for the Werner

state using Eq.(4.7) and Eq.(4.14) in terms of negativity N,

_ log8+ (2—4N)log(:2N) +4(1+N) log (20N

3
TSmin(p,) = log 3 (B.14)

Using Eq.(4.7) and Eq.(4.13) we obtain the rcmin (pw) under collective attacks(CA), in terms
of negativity N,

1

+(3—0)log(3—90)+ (3+6)log(3+9) (B.15)

Where, § = v/ —7 + 16N + 32N2.
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APPENDIX C

HYBRID ENTANGLED STATE AFTER

PASSING THROUGH LOSS-ONLY CHANNEL

We consider a hybrid entangled (HE)-state in modes a and b given as [251]

1
V2

[Yar) = == ([H)q[@)p + (V) [=2)) - €1

Here, the single-photon-polarization-state |H) (|V)) represents the discrete-variable (DV) part
and the coherent state |a) (| —a)) forms the continuous-variable (CV) part. Let us now consider
that only the CV part passes through the loss-only channel that can be modelled as mixing the
signal with an ancilla vacuum through a BS with transmittance T, and then tracing out the
ancilla. Considering the action of such a BS on an incoming coherent state, Ups(T) : |a,0) —

‘\/T w,v1— Tlx>, the HE-state after passing through the channel becomes

o — T, [Uﬁé(T) (b ® |0), (0]) (Uﬁi(T)ﬂ
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- ol R (VR | ) (|
+e20°0 (o @ |VTa) (—VTa| +p/" @ |-VTa) (VTa|)],  (€2)

where, p*¥ = |x) (y| (x,y = H, V).
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APPENDIX Q)

OBTAINING THE SHARED DV-STATE
AFTER NOISY TRANSMISSION FOLLOWED
BY ON-OFF MEASUREMENT AT

CHARLIE’S LAB

D.1 4-mode state transmission through noisy channel and
mixing

Let us consider that both Alice and Bob prepare their individual HE-states in modes {a;, a2}
and {by, by}, respectively.

Paya, = ’Tﬂ1ﬂ2> <Tﬂ1ﬂ2’ ’ and Obib, = |1Fblb2> <Tb1b2’ . (D.1)
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For the sake of convenience we use a compact notation for the DV and the CV parts as

PV = ol @ pjy? (x,y,u,0 = H, V) and |, B) = |a),, |B),, (&, B € C?).
After Alice and Bob send their coherent states through the loss-only channel to Charlie, the

4-mode state is given by

Pcharlie = Pota, @ Phi,
= 1 ({[p"™"" & |VTa, VTu) (VT VTa| + 0" @ |/ Ta, ~v/Ta) {VTa,~V/Ta|

e 207 [QHHHY |/ T, VT ) (VTw, =VTa| + o™ @ |/Ta, ~v/Ta) (v/Ta, /Ta |}

+{ [V @ |~ VTa, VTa) (~V/Ta, VTa| + 0"V @ |~ vTw, ~VTa) (~v/Ta, ~v/Ta|

e 20D [GVVHY @ | T, VT ) (=v/Ta, ~v/Ta| + "Y1 @ | /T, — VT ) { ~VTa, VTa |}
o200 T,xz{{ HV,HH g ‘f“ fa> <—ﬁa,ﬁa‘ 4V ‘\/ﬂ,fﬁ@ <,ﬁ“,,\/ﬁxu

N [V & |\ T, VTa) VT, ~VTa| +p™V" & [T, ~v/Ta) (~v/Ta, VTal|}

Mz{[pVHHH@\ VT, VT {VTa, VTa| 4 p""¥Y @ | ~v/Ta, ~v/Ta) (V/Ta, ~'Ta|

4 e 2R [V T, VT ) (VT VT 4+ 0V & | /T, T (VT VTl })

(D.2)
Upon mixing at the 50 : 50 BS (T = 1/2) by Charlie, the state becomes

PBe = UL (1/2)parae [UE2(1/2)]
= 3 ({[p"™" @ |V2Ta,0) (VaTa 0] + p"*¥¥ @ |0, ~v2Ta) (0, ~v/2Ta]
B | 0) (07 o 0B T
+{[p"VH @ |0, ~v2Tw) {0, —V2Ta| + """V & |-v/2Ta,0) (—v2Ta, 0|
+e 207D [pVVHY @ o, —V2Ta ) ( —v2Ta, 0| +p"VVH @ | -v/2Ta,0) (0, ~V2Ta|| |
e 20T [ pHVHH | /3Ta, 0) (0, — V2T | +p"VVY |0, —v2Ta) (~v/2Ta, 0
o 21T [pHVAY g ‘Wa 0) <—J27"a,0\ +pHVVH ‘0, V2Ta) <0,—x/ﬁxH}

e 2= f[gVIAH 10, —/2Tw ) { V2T, 0| + p" VY @ | ~V/2Ta,0) (0, v/2Ta|

L 201-T)2 [ VHHV o ‘0,—\/ﬁa> <0, \/ﬁa‘ 4 VHVH g )—\/27T(x,0> <\/ﬁ0¢,0H }) ‘
(D.3)
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D.2 Post-measurement shared DV-state

After mixing the incoming signal Charlie checks whether the single-photon-detector (SPD)
clicks. An inefficient SPD is described the set of operators {I1;,I1; = I —I1; } such that [248]

Iy = 178 Y 5" Con(1 — 10)" [k + 1) (e + m| (D4)
k

represents the noisy m-photon detection, where 7 is the efficiency of the SPD and |k) repre-

sents the k-photon-number state. ktme, = (k,: ,) represents the binomial coefficient. Char-

lie’s measurement is described by the operator M,,;, = I1; -1, such that I,z = I, ® [
(v, B = 1,—1) where the first and the second operator operates on modes a, and by, respec-
tively.

The shared DV-state between Alice and Bob, after Charlie’s measurement, becomes Pa1b1 =
Pdv o b ! where Py, = Trg,p, <p b, ) is the probability of obtaining the state p,,;, and o a1b1 =
Troyp, (I11,-10%% ..)- Now, applying the following results

Tr (TTy [w) (B]) = 10 Zk“CM —10)* (Blk +1) (k +1|a)

2+,52

=10e" 2 “ﬁz—ﬁa )

= 1oap (Blac) e~ P
Tr (T1-q |a) (B]) = Tr [(I—I11) |a) (B]]
= (Bla) (1 - noocﬁe””ﬁ"‘) , (D.5)

leads to the projected DV state onto the modes a; and b; as

pa1h1 Trﬂ2bz <H1 ﬁlpcharhe)
1
=1 [pHH,VVWO(ZTaz)EfZTUOaZ _}_pVV,HH’?O(zTaZ)efZTrIOaZ + 672(17T)azefz(lfT)aszV,VH

X 170(—2T«x2)e_4T”‘262T’70”‘2 + e—2(l—T)ocze—Z(l—T):xszH,HVrlo(_ZT“2)6—4T0<2€2T7700<2}

_ T’g)“ze—zﬂ;gaz [(pHH,VV +pvv,HH> _ p—4(1-Tpp)a? (pHV,VH +pVH,HvH

T 2
= %e_ZTﬂoaz{ ( |H, V> <H, V| —+ |V, H> <V,H’ ) o 6_4(1_T’70)“2

X (yH, V) (V,H| + |V, H) <H,V|)}. (D.6)
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with probability
PV =T (pkp!) = Toou®e 210 (= Pr) (D7)
Thus the final normalized shared DV state is given by
T
palbl = Pl,ﬁl plllbl
1 41— 2
= 5 [(H, V) (H, V] +|V, H) (v, H|) = e =T (|H, V) (v, H| + |V, H) (H, V])] .
(D.8)
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APPENDIX Z:

BELL FUNCTION FOR THE SHARED

DV-STATE BETWEEN ALICE AND BOB

The PRBOs are given as

O(1,6) = U(n,0)I(5o)U* (,6)

= (1H) V) Vil T—pe®) (10 7 =1\ [(H]
— /T ST 0 —1) \yT—ne® Vi 4

Nun(n,0)  —Nio(1,0)| [ (H|
_ ) E.
w (i) ) CNL(LE) Noo(,6) (<V|> =y

where N, (17,0) = —10(1 — 217), Now(17,0) = 10(1 — 27) and Ny (17,0) = 2€19/17(1 — 17). This

leads to the joint binary-outcome measurement, described by

O”l/bl (77/ 6,0, 4)) = Oﬂl (17/ 0) & Ohl (gl ¢)/ as
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O(1,6,5,9) = O(11,0) ® O(, ¢)
= { [N (1, 0) | H) (H| + Noo(17,0) [V) (V] ]| = [Nuo(7,0) [H) (V] + N (,0) [V) (H| | } @
{ [N (@, 9) [H) (H] + Noo(2,9) [V) (V] | = [Nio(Z,9) [H) (V] + Nio (G, 9) V) (H] | }

= { [N 1,0)Noo (2,9 [H, V) (H, V| + Noo (17, ) Nuu (8, 9) |V, H) (V. H]

[N,w(;y,e)th(g, @) |H, V) (V,H|+ N;,(7,0) N (2, ¢) |V, H) (H, V| } } + Oho,

(E.2)
where O, , contains all other terms where the same polarization state occurs in either "ket"

or "bra" vectors. The expectation value of the joint measurement, O, 4, (17,6, {, ) is hence given

by

E01,0,5,9) = (O, (1,6,5,4))
1

o = T [0ast Oay s (1,0, 2, 9)]

5 { [N (7, 0)Noo (2, 9) + Now (17, 0)Nia (2, 9)|

— e 3T TNy (7, 8) N7y (8, 9) + Nj (1, 0) Nio(£, 9)] |

= |1 21 - 20) 44Ty =g - D cos20-9) - @)
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APPENDIX ;

FIDELITY OF TELEPORTATION FOR AN

INPUT POLARIZATION QUBIT

The 4 Bell-states in polarization basis are

¥5) = S (V) £V, H))
|D*) = \2(|H,H)i V,V)). (E.1)

Using (F.1) we recast the shared DV state (D.8) as

[([H, V) (H, V[ +|V,H)(V,H|) = (|H, V) (V, H| + |V, H) (H, V)]

NI —

Paby =
1 — e 40-Tp)e?

2
=[¥) ¥ }+ () (¥ =) (¥ ))

(
<|HV> (VH| +|VH) ( )

(1-5) e+ 5 e,

(F2)
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Let us now consider the teleportion of an unknown input pure-state

[¥in) = P |H) + /1 — pe? |V). In the present case, the total tripartite state is given by

Prot = [Pin) (Yin| @ Payp,

- (1) e (e e e

, (E.3)

where

“I’(l)> = |¢in) [¥7)
1 _
= E{ - ‘T+>in,a1 ® 0z W’in>b1 B ‘T >in,a1 ® ‘lpin>b1 + ‘q>+>in,a1 ® Ox07 |1pin>b1
+ ‘(D7>in,a1 ® Ox W)in>b1 }

PO = fgun) [¥°)
1 _
= E{ + “P+>in,a1 ® |lpin>b1 + “IJ >in,a1 ® 0z W)in>b1 + ’q>+>in,a1 © Ox |lpin>b1

+ ‘q)7>in,ul ® 0307 W)in>b1 } (E4)

The Bell-state measurement Hlj/f /¢(70) yields the state in mode b, as plji,yb s¢(M0) =
Ttin 0, {ij/(p(iyo)ptot} with probability P;f/(/](qo) = Trina, b, [Hj;:/(p(ﬂO)ptot] =Tr [pi,lp/qy(ﬂo)}'

This leads to the normalised state corresponding to the Bell-state measurement Hi / 4)(170) as

Pyr\10) = B2 G

In a straightforward calculation it can be shown that

) c
n R R
i =B (1-F ) e i) (inl e+ 5 i) (o]
) c
_ Ul R R
i = 2 (1= 2 1) il + Sz ) ]
i[(, R
p;rwl’ - TZTO <1 - 2) 0x0z [$in) (Pin| 020x
R
+530% i) (il 5
2
_ Ui R R
Pop = 4 K - 2) [$in) ($in] + 50x [$in) <lpin|(7x:| (E5)
with the corresponding probability Pj/ o= %5. The corresponding unitary operations are given

as - ij' poy, I, 0 L H;; : —ioy = 020y and I : 0y. It can be easily seen from (F.5) that with
these choices of the unitary rotations, in the limit R — 0 (70 — 1, T — 1), we recover the ideal

case.
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After applying the suitable unitary rotation, the fidelity of teleportation for the four Bell-

state measurements is given by

R R
g = (1= 5 ) + 5 (0l i)

R R
(1—2> +E(2p—1)
= (1-R)+Rp. (F6)

Consequently, after summing over the Bell-state measurements and averaging over the

probability amplitude p, we get

,2—R 514 e 41-Tno)e?
FaV = 770 2 = 770 2 .

(E7)

It is evident from (E.7) that with ideal detector (19 = 1) and no-loss (T = 1) we obtain the

perfect teleportation fidelity, i.e., Fy = 1.
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